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ANALYTICAL TRIGONOMETRY. 

CHAPTER L 

EXPONENTIAL AND LOGARITHMIC SERIES. 


1. In the following chapter we are about to obtain 
an expansion in powers of x for the expression a*, where 
both a and x are real, and also to obtain an expansion for 

where x is real and less than unity, and e 
stands for a quantity to be defined. 


^^2. To find the 'value of the quantity (l + , when 

n becomes infinitely great and is real. 1^, 


A 

s -v 






I^ince - < 1, we have, by the Binomial Theorem, 
f n * 




» 


l+H 




i 

r 

V 


1.2 ■ [3 |4 

^ ^ .(!)• 

This series is true for all values of n, however great. 
Make then n infinite and the right-hand side 

. 


L. T. IL 


( 2 ). 

1 




TRIGONOMETRY. 


Hence the limiting value, when n is infinite, of ^1 + - j 
is the sum of the series 

l + l + jg'h inf. 

The sum of this series is always denoted by the 
quantity e. 

Hence we have 




where Lt stands for “ the limit when n= oo 


n-co 


Cor. By putting n = —, it follows (since m is zero 


when n is infinity) that 


Lt (1 -f 77i)™ = Lt (1 + - ). = e. 

m«»0 n«s® V 


1\« 


3. This quantity e is finite. 

... 1.11 

b or since -r^ • 

[3 ^ 2.2 2 »' 

1 1 1 
[ 4 '^ 2 . 2 . 2 '^ 2 >’ 


we have 


, n 111 

e< 1 + 1 +2 + ^„ + 2. 


+ W 

<1 + 2, i.e. < 3. 


Also clearly e > 2. 


ad inf 






THE QUANTITY 6 . 


3 


Hence it lies between 2 and 3. 

By taking a sufl&cient number of terms in the series, it 

* 

can be shewn that 

6 = 2*7182818285.... 

4 . The qxiarUity e is incomTWtisurable. 

For, if possible, suppose it to be et^ual to a fraction ^ , whore p and q 

are whole numberB. 

We have then 


u , , 1 1 1 1 




( 1 ). 


Multiply this equation by [q, so that all the terms of the series (1) 


become integers except those commencing with 


q + 1 


Hence we have 


p I g -1 = whole number + 


li . li 


11 


q + l |g + 2 |g + 3 


^ ...f 


anlnteger g + i + (g + i) (^ + 2) (g+ 1) (g + 2) (g+ 3) . 


.( 2 ). 


But the right-hand side of this equation is 


q + l 

11,1 

^? + l (5 + 1? 


, and 


i.e. is 


i.e. is 




5 + 1 
1 
5 


Hence the right-hand side of (2) lies between —and -, and is there- 

5 + 1 5 

fore a fraction and so cannot be equal to the left-hand side. 

Hence our supposition that e was commensurable is incorrect and it 
^^erefore must be incommensurable. 

5. exponential Series. When x is realy to prove 
that 

e* = l + aj + + To + .- .ad inf.^ 
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TKIGONOMETRY. 


and that 


(C^ 

a® = 1 -f ic loge ® Qoge ay...ad inf. 


When n is greater than unity, we have 


' - m =- r 


, 1 7157 (na; —1)1 nx(nx—l)(7uc 

1 + - + \ w — - + ^ 


n 


1.2 


71' 


1.2.3 




71' 


X 


= 1 +57 + 


(*-S 

1.2 1.2.3 


• • • • 


In this expression make ti infinitely great. The left- 
hand becomes, as in Art. 2, e*. 

The right-hand becomes 


X^ 57* 

l + ®+|2+j3+... 


Hence we have 


X* X® 


y 


(1). 


Let 


e*=l+x + j2+j3 + -adinf. .... 

a = e*, 80 that c — logeCt. 

% 

_ „ - C*57® 0*57* . 

a* = = 1 + C57 -f- -7^ + -{^ H-... ad inf., 

If If 

by substituting C57 for 57 in the series (1). 

* -2 . * (loge 


A a*= l+xlogea + j^(logea)®+|^ 


( 2 ). 


0 , It oan be shewn (as in 0 . Smith’s Algehrat Art. 276 ) that the 
series (1), and therefore (2), of the last article is convergent for all real 
values of x. 





EXPONENTIAL THEOREM. 


7. E3E. 


1 . Prove that ^ p *”/* 


By equation ( 1 ) of Art. 5 we have, by putting x in BUcccRsion equal 
to 1 and »1 , 

, 1 1 1.1 . • . 

«_1+ [S'*" [4*^"* 


and 


1 1 1 . 1 1.1 ^ • .r 

E i!~l! H”"’ 


Hence, by subtraction, 


t.e. 




. 2 . Find the turn of the teriet 


, , 1 + 2 , 1 + 2 + 3 . 1 + 2 + 3 + 4 . 

■H—+-r::-h - —. -h ... ad inf. 




I? 




The nth term 


1+2 + 3 +... + n 




12 


1 n + l _1 r(n-l) + 2-| ir 1 . 2 “I 

2 1^-^ 2L |n-l J~2 L |«"2 [n-lj^ 


provided that n > 2. 
Similarly 




the (n - l)th term [^ + , 

the 4 thterm=ig + |]. 


the 3 rd 


Also 


the 2nd term 


and the let term 


a - 


TRIGONOMETRY. 


Hence, by addition, the whole series 


1 r, 1 1 1 ,. “I 

"‘iL |1 [2 

8. Logarithmic Series. To prove that, when y is 
real and numerically < 1 , then 

logt{'\.+y) = y-^tf+^if-^y* +...ad inf. 

In the equation (2) of Art. 5, put 

^ u “ = i+y. 

and we nave 

(] + 2 /)* = 1 + «log, (1 + y) + ^ (log, (1 + y)}» +.(1). 

But, since y is real and numerically < unity, wc have 
/I 1 \® 1 I . o r (x — 1) (x — 2) , 

(l+2/)^=l+a?..y+ ^ ^ 


• • • 


( 2 ). 


The series on the right-hand side of (1) and (2) are 
equal to one another and both convergent, when y is 
numerically < 1. Also it could be shewn that the series 
on the right hand side of (2) is convergent when it is 
aiTanged in powers of x. Hence we may ec^uate like 
powers of x. 

Thus we have 

4-... ad inf., 

i.e. logg (1 +y) =y-^y^ “7^ +...adinf....(3). 



LOOAIlITUMtC SERIES. 
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©. If y = l, the series (3) of the previous article is equal to 

'-2 + 3 - i + 

which is known to be convert?ent. 

If y = -1, it equals - known to be 

A 9 4 

divergent. 

In addition therefore to being true for all values of y between -1 and 
+ 1, it is true for the value i/ = l; it is not however true for the value 
y=-l. 

10. Calculation of logarithms to base e. 

In the logarithmic series, if we put ?/ = 1, we have 

loge2 = l + + ... ad luf. ...(1). 


If we put 
we have 

log, 3 - log, 2 = log, - 

= 1-1 

“2 2 

If we put 
we have 


2 ’ 3 
1 

y- 2^ 


= log. (1+2 

I I 2__1 1 

■ 2* 3 ■ 2> 4 ■ 2‘ 

1 

y = 3, 


( 2 ). 


log.4-W.3 = log-fl+-') =i-- -l + i 1-1 -+ 

^ 3 / 3 2 ’ 3 ’ 3 ’ 3 » 4 ' 3 *^‘" 


(S' 


/ 


From these equations we could, by taking a sufficient 
number of terms, calculate log, 2, log, 3, and log, 4. 

It would be found that a large number of terms would 
have to be taken to give the values of these logarithms to 
the required degree of accuracy. We shall therefore 
obtain more convenient series. 
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TRIGONOMETRY. 


11. By Art. 8 we have 


= + .( 1 ), 

and, by changing the sign of y, 

(1 - y) =-y -1 y-- gi y.( 2 ). 

In order that both these series may be true y must 
be numerically less than unity. 

By subtraction, we have 

log, (1 + y) - log, (1 _ y) = log, = 2 

''let v-^-^ 

^ m + n* 

where m and n arc positive integers and m > n, so that 

1 +y _ m 

l~y'~ n * 

The equation (3) becomes 


[y+lt+lr+-.] 


(3). 



Put m==2, n 
Put m = S, n 
fore logg 3. 


1 in (4) and we get log^ 2. 

2 and we get log^S — log^ 2, and there 


By proceeding in this way we get the value of the 
logarithm of any number to base e. 

* 


12. liogarithms to base -lO. The logarithms of 

the previous article, to base e, are called Napierian or 
natural logarithms. 





LOGAKITHMS TO BASE 10. 


9 

We can convert these logarithms into logarithms to 
base 10. 

For, by Art. 147 (Part L), we have, if N be any number, 

log, N = logio N X log, 10. 

1 

log 10' 

Now log, 10 can be found as in the last article and 

then =—is found to be •4342944819.... 

log, 10 

Hence logjo -AT = log, N x ‘43429448..., 

so that the logarithm of any number to base 10 is found 
by multiplying its logarithm to base e by the quantity 
*43429448.... This quantity is called the Modulus. 


/. logw = log, X 


EXAMPLES. L 


Prove that 


1 . 

2- (^+i2+]3+|+ - ) =i+(i+j|+^+ - ) ■ 

4. l+-4.1^ia. 7 c 2 4 6 

^ ^13^16 ■*'!7'*’***”2‘ ! 5. |Q + rK+77 + ...: 


i£ I! I! **"2* I ' 

i i i 

6. 


1 15 12 
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[Ezs. I.] 


Find the Bum of the eeries 

111 *> 
8. 1 “2 + g - ••• ad inf. ( 

Q i i 1 ^ ^ 1 

\ 7 « /V ♦ rf-v*i 


A t? 

2 2'2-* "^3 * 2 ^ ^ . 2 ^+... ad inE f 


Prove that 
10 . 


-b l/a-by 1 fa-by , , ^ ? 

a +2V^j+3i—j + 

11. log, j^ = 2 ^x + gx^ + |i'+... ad inf.^ . ? 

12. log,^J = 2Q+A + ^^+...adinf.), ifx>l. 7 

13. log.(l+3x + 2x>) = 3x-“|-’4^-^+... i’. 

provided that 2x be not >1. 

# 

14. 21og,x-log,{x + l)-log,(x-l) = i+i + i + ..., if x>l. 


15. log.2^ji^ + ^^ + ^+...adinf. 

16. log,2-- = ^ ^ ^ + ^ ^ 


+ ... ad inf. 


1 1 1 

17, tan ^ + ^ tau5tf + -tan®^+... = 2 log —1——^, 


18, If ^ be > ^ and < r, prove that 


and, if 6 be 


( 1 ) sin 0+5 fiin ’0 +i sin* 0 +... ad inf. 

o 6 

= 2 j^cot^ + icot»| + icot'‘^+... ad inf.J, 
>0 and < 5 , prove that 

a 

( 2 ) H^in^ 0 +7 flin ^0 +^ sin® 0 + ... ad inf. 

'2 4 r> 

= 2 rtan'* ^ + ^tan®| + ^tan*^^ + ,.. ad inf.J 


[£zs. L] 


LOGARITHMS TO BASE 10 
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19. If tan* 0 < 1, prove that 

tan^ ^ tan^ ^ ^ tan* 0 - ... ad inf. 

o 

= sin® 6 + ^ Bin* ^ ^ sin* 0+ ... ad inf. 

20. Prove that, if 26 be not a multiple of t, 

log cot ^=co8 ‘iifl + 5 cos® 2$ +^cos* 2^ + ... ad inf. 

O D 


IS 


21. Prove that the coefficient of x" in the expansion of 

{log,(l + x)l® e ^ ^ 


22. Use the methods of Arts. 11 and 12 to prove that 

log,o2 = -30103... 

and logics = ’477§ . .. 


23. Draw the curve y = log^ x. 

[If X be negative, 7j is imaginary ; when x is zero, y equals - co ; when 
X is unity, y is nothing; when x is positive and >1, y is always positive; 
when X is infinity, y is infinity also.] 

24. Draw the curve y^log^oX and state the geometrical relation 
between it and the curve of the last example. 

[Use Art. 147, Part I.] 

25. Draw the curve y= «*. 


13. The two following limits will be required in the 
next chapter but one. 


14. To prove that the valv£ of ^cos ^ , when 
infinitej is unity. 

We have cos - = f 1 — sin® -V. 

n \ n) 


n IS 
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TRIGONOMETRY. 


Now, by putting 


we have 


“Sm*- =m, 
n 


Lt -jl —sin^- 
TisQO I 


. • a 
8Jn*- 


“=Lt {1 +m} 

»n=0 


2 

m 


= e. (Art. 2, Cor.) 


Also, by Art. 228 (Part L), 


n 


a 


2 



a 


X 


2n 


= 1x0 = 0, 


when n is infinite. 

Hence, when n is infinite, 


^cos^J =e“ = l. 


Allter. This limit may also be found by using the 
logarithmic series. 


For, putting ^cos = m, we have 

log« w = w logg cos - = ^ log« cos* - 

n L ^ n 

= |log,(l-sin»^) 


l..a \ 


1 . .a 1 . .a 


(Art. 8.) 



TWO IMPORTANT LIMITING VALUES. 


13 


The series inside the bracket lies between sin^- and 

n 


the series 


I 


« ^ CK • . Ot • ^ Ot ^ • fk 

sm* - + sm^ - 4* sm* - -f*... ad mt., 
n n n 


i.e. lies between 


sin’*- and 
n 


• • a 

sin* — 
n 

1 — sin* — 
n 


i.e. lies between 


sm*— and tan*-, 
n n 


Hence — log u lies between 


^ sin* — and ^ tan* — 
2 n 2 n 


But 


T M * A ^ ^ i 

Lt s sin* - = Lt 

n—oD^ 71 nB<K> 



a* 


( 1 ) 


= 1x0 = 0, 


and 


a' • 

sin — . , 

Lt|tan«“=Lt x^x|^ 

2 n a I . a 271 


naoo 



n 


cos- — 
n 


= 1x1 x0=0. 


(Art. 228, Part I.) 

Hence in the limit both quantities (1) become 0, so 
that log u becomes zero also, and therefore, in the limit, 


u = L 
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15. To prove that the limiting value of 

when n is infinite^ is unity. 

We have shewn, in Art. 227 (Part I), that sin 6, 6 and 
tan d are in ascending order of magnitude. 

Hence sin -, -, and tan - 

n n 7 J, 

are in ascending order. 



a 


Hence 


1 , —^ , and 
.a 
sin- 
n 


CL 

cos - 
n 


are in ascending order. 



a 

Therefore I | lies between 1 and 

sin - 
n 


n 


a 

cos - 
n 


, so 


that 



lies between 1 and 




But, by the last article, the value of ^cos -j" is unity, 
when n is infinite. 


Hence, when n is infinite, the value of 


is unity. 



TWO IMPORTANT LIMITING VALUES. 


15 


16. There is one point in Art. 2 that requires some examination. 

We ought to shew rigidly that the value of the series on the riglit 
hand of (1) is equal, when n becomes indefinitely great, to the series (2). 

Take the (p + l)th term of the series (1), viz. 



When a, b, e .are all positive quantities and less than unity, we 

have 

<1 - a) (1 - 6) = 1 - a - 6 + aft > 1 - a - 6, 
and (l-a)(l-6)(l-c)>(l-a-6) 

and BO on, so that 

(l-a)(l-6) (1-c).>l-(a + 6 + c +.). 


Hence the numerator of (1) lies between unity and 



( 


12 3 

~ + — + —+ 
n n n 



i.e. between unity and 


y P{P-1) 
2n • 


Therefore the quantity (1) lies between 

1,111 

and i— — ^ ,-. 

\p l£ 2n |p-2 * 

Hence the whole series (1) of Art. 2 lies between 


^,11 


ad inf., 


andl + l + {l 


t.e. 


I - ij) + (| - 2 „) + ( |\ - 1 i) + 

+ .“‘1 mf- 

“^.(^■*■^■*■11+ -adinf.y 


ad inf. 











16 


TRIGONOMETRY. 




Now the senes 1 +g + ...ad inf. is, as in Art. 6, convergent, so 




that the quantity ^ + indefinitely 

great, ultimately equal to zero. 

Therefore, finally, the series (!) of Art, 2 is equal, in the limit, to 

^ + 1 + + A + inf. 

[2 [3 [4 

A similar argument will apply to the series in Art. 6, and also to 
those in Arts. 32 and 33. 



SIN a AND COS a EXPANDED IN A SERIES. 


87 


14. Prove ih&t the egnation ^ 

Bin3^=a6in9 + 6oos^+e 

has six roots and that the sum of the six values of which satisfy it, is 
equ^^o an odd multiple of t radians. 

Prove that the equation / 

ah seo 6-bh coseo 5=a* - 6* 

has four roots, and that the sum of the four values of 6, whioh satisfy it, 
ig to an odd multiple of ir radians. 

>f 'l6?)lf^i, tfa. $5 be three values of B which satisfy the equation 

tan20=Xtan (d + a), 

and such that no two of them differ by a multiple of v, slmw thal 
+^3 + a is a multiple of v. ' 


EXPANSIONS OF THE SINE AND COSINE OF AN ANGLE IN 
^ SERIES OF ASCENDING POWERS OF THE ANGLE. 

As in Art. 27 we have ^ 

cos n 6 = cos’* 6 - - ~ cos’*-* 0 sin* 0 

4 

n(?i-l)(n-2)(n-3) 

^ 1 . 2 . 3 . 4 cos«-* (9 -.... 

Put nO = a, and we have 


cos a = cos" d — 


?(?-*) 


1 . 


co 8 "“* 0 sin* 0 


1 o Q ^-COS"'* ^8in‘ 0 — ... 


= C 08 "^-^«---^) 


1.2 


cos 


1 . 2 . 3.4 

- ^ (^7 


^ TTO^ri-^ COS’*-* 0 -.(1^. 
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In equation (1) make 0 indefinitely small, a remaining 
constant and therefore n becoming indefinitely great. 

Then is, in the limit, equal to unity and so is 

every power of • (-A-rt. 15.) 

Also cos 6 is, in the limit, equal to unity and so also is 
every power of cos 0, (Art. 14.) 

Hence (1) becomes 


a® 



C0S«=l-- + f^-- + 


33. To expand sin a in tei'nis of a. 

As in Art. 27, we have 


ad inf. 


[Cf Art. 16.] 


sin nO = n cos”"* 0 sin 0 — —— cos”"* 0 sin* ^ 

1 t ^ « U 


As before put nO = a, and we have 


sin ot = g cos”"* 6 sin 6 — 






1.2,3 


cos”"* 6 sin* 0 


+ 




= a cos”"* 6 . 


1 . 2 . 3 . 4.5 

sin a{a—d)(a-~20) 


cos”"® 0 sin® ^ . 


e 


) 1 . 2 . 


.-.(•47+.... 


cos 


As in the last article make 0 indefinitely small, keeping 
a finite, and we have 


a® a® a7 ^ j • r 

— ad inf. 


8ina = a-^ + |g ^ 


[Cf. Art. 16.] 
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/ 

V 34. There is no series, proceeding according to a 
simple law, for the expansion of tan 0 in terms ot 0, 
similar to those of Arts. 32 and 83. 

We shall find the series for tan 0 as far as the term 
involving 0\ 


For 


tan 0 = 


sin 0 
cos 0 


0 


1 — rx- + 


12 |4 


• • • 


6 + 120 


• • ♦ 


'■ *2 24 + - 



—I 




+ 


120 


\ r /0^ 0^ \ 

•'Vl_ 24 


by the Binomial Theorem, 

6 + 120 


• # ♦ 


1 + 


Y 1 

,2 '2-4-;-J’ 

2 ^•••+4---J’ 


neglecting and higher powers of 0, 




0^ 0^ 

+ m 




H- 0* 

^24 





on reduction and neglecting powers of 0 above 0^. 

A similar method would give the series for tan 0 to 
as many terms as we please. The method however soon 
becomes very cumbrous and troublesome. 

36. In Arts. 32 and 33 we tacitly assumed that a 
was equal to the number of radians in the angle con- 
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sidered. For, unless this be the case, the limit of is 

6 

not unity when 6 is made indefinitely small. 

When the angle is expressed in degrees we proceed as 
follows. 

Let fx radians, so that 


a 


180 


(C 


TT 


and hence 


Then 


TT 

(D = - OL 

180 

cos oC = cos af^ 

_ - a? 

7o"hn T7>d” ••• 




1 TT^a^ 


16 

^ I_ 

1 7r*a* 

I I i 


So also 


[2 180* |4 ISO* 


1 ttV 

|6 


+ ... ad inC 


• 0 • a? 

sin a = sin a;® = — 777 H- 




5 • 




Tra 

180 


_1 / 7ra Y , 1 ('^^\ 

)3 1,180/ *^1 liSO/ 


— ... ad inf. 


36. Sines and cosines of small ang^les. The 

series of Arts. 32 and 33 may be used to find the sines 
and cosines of small angles. 

For example, let us find the values of sin 10" and 
cos 10 ". 

^ ^ llo) 


Since 


10 


VGx 


TT 


64800/* 
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we have 


sin 10" = 


TT 


and 


Now 


64800 


o 

O 


cos 10" = 1 - 


1 / TT Y 1 / TT Y 

(,64800/ [51,64800/ ' 

1 / TT Y ^ 

11,6'iMoy ■'■|i(,6Wo/ 


• • • 


TT 


64800 


= •000048481368..., 


-0000000023504., 


• • •• 


and 


(eiioo)*^ -000000000000113928.... 


Hence, to twelve places of decimals, we have 

sin 10" = 000048481368, 



cos 10" 


_ - *0000000023504 

2 

= 1-*000000001175 
= *999999998825. 


37. Approximate value of the root of an 
equation. The series of Art. 33 may also be used to 
find an approximate value of the root of an equation. 
The method \7i\\ be best shewn by examples. 


^ j.sinO 1349 

X.X. 1 . ij —^ “ 13 ^' that the angle $ U very nearly equal to 
jgt/t radian. 

We know that, the smaller 0 is, the more nearly is equal to 
unity. Conversely in our case we see that 0 is small. 
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In the series for sin $ (Art 33) let us omit the powers of ^ above the 
third, and we have 


^'13 


_ 1349_ 1 

1350 ^'1350* 


A = 


1350*" 226* - 


Henoe ^ = ^, so that the angle is ^ of a radian nearly. 

15 15 

If we desire a nearer approximation, we take the series for sin and 
omit powers above the 5th. We then have 

03 ffS 

IjllH-i-JL 

d “ 1350’ 


This gives 
Henoe, by solving, 


^^-20^= - 


120 

1350 


20 

225* 


in . \/22-480 160 - 149-933312... _ *066688 

0 _10±__ - 16 


1-00032 

15« 


^ 1-00016 
0 = —^— radian. 
15 


This differs from the first approximation by abont gQ^ th part. 


XSz. 2. Solve approximately the equation 


C08 


g + .) = -49. 


Since *49 is very nearly equal to ^, which is the value of cos ^, it 

follows that B must be small.. 

The equation may be written 


1 . 1 1 

oo_^-^^6mf»=-49 = 2-j^ 


( 1 )- 


For a first approximation omit squares and higher powers of B. By 
Ajt. 33 this equation then becomes 

2 2 2 100 ’ 
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BO that 




2 1 2^/3 3-4641... 

— -^ = — = *011547... radian. 

^3 100 300 300 


For a still nearer approximation, omit oubea and higher powers of d. 
The equation (1) then becomes 


K‘-0- 


-L 

2 2 ' 100 * 




^ + 2 ^ 3 ^ = 


100 * 


A -V3 + ^!^=‘0116086... radian. 


10 


The first approximation is therefore correct to 4 places of decimals. 
The angle 0 is therefore very nearly equal to *0115 radian, i.e. to 
about 40'. 

The accurate answer is found, from the tables, to be -0115075.., 
radian. 


38. Evaluation of quantities apparently inde¬ 
terminate. We often have to obtain the value of quan¬ 
tities which are apparently indeterminate. 

Suppose we required the value of the expression 

3 sin ^ — sin 3^ 

6 (cos 6 — cos 3^) * 

when 6 is zero. 

If we substitute the value 0 for 6 , we have 

0-0 

0x0' 

which is apparently indeterminate. 

The expression however, for all values of 0, 

_ 3 sin ^ — (3 sin 6 — sin*^) 4siii^^ 

6 {cos ^ — (4 cos®^ — 3 cos 0 )\ 0 {4 cos ^ — 4 cos®^) 

= sin*^ _ sin ^ _ 1 sin ^ 

6 cos 0 sin®^ 6 cos 9 cos 0 ^ 0 ' 
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Now, the smaller 0 is, the more nearly do both 


1 

cos 0 


and 


sin 0 

~~r 


approach to unity. Hence, when 6 approaches the limit 
zero, the given expression approaches the limit 1x1, i.e. 1, 
Such an expression as the one we have discussed is 
said to be indeterminate. We should more properly say 
that the expression is “ at first sight ” indeterminate. 


39. In many cases the real value is very easily 
found by using the series for sin 0 and cos 6. The method 
is shewn in the following examples, of the first of which 
the example in the preceding article is a particular case. 


Sx. 1. Find the value of 

n sin,$ ainnd , . 

■-- whtn $ IS zero. 

$ {cos 6 - cos n6) 

The expression 

15 *^[6 I ® "7 

"TfT! ^ ^ ^ Ti vT" 

IE-U 


n®-n 


1 ? 




n* —n 


|5 


0^ + higher powers of 0 


^ -p— higher powers of 


n® — n n" — n 


s _ 


|3 [S 

li 


0^ + higher powers 



0^ + higher powers 


« 

When 0 is zero, this expression 
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2 . Find the value, when x ie zero, of the expression 

, eosx^OQt ( 1 + a;) + « tft* - 1 


e* -(! + *) 


Since 


and 


this expression 


log, 

<*=l+x + ^ + ^ + p ... (Arts. 6 and 8), 


+ - ) + (^-g + fy-)- 


1+* + ^+g+ .«j-(l+x) 


X* 


—l 2 +^g^er power* of x --jg + powers of x 


|2 + higher powers of x 


1 

1 

1 ! 


+ powers of x 


When X is zero, this latter expression 


?=«■ 


8, FiTMi the value, when z is zero, of 


m 

( tanx\m 

When z 18 zero, this expression is of the form j’. 

£ 

# X + — 4-... A® 

Bat it also 





(Art. 34). 


Now, by Art. 2, Cor., the valae of 


ifl e, when x is zero. 




s 

rT 


Hence the expression 

its value of 
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EXAMPLES. V. 


1. If 


Bin 6 1013 


e 1014’ 

prove that $ is the nambcr of radians in 4° 24' nearly. 


2. If 


sin 6 863 


0 864* 

prove that 0 is equal to 4° 47' nearly. 




3. If 


sin 0 _ 6045 
“ -5046* 




prove that the angle 0 is 1° 58' nearly. 

sin^ 2165 

“ ~0' ~ 2166* 

prove that 0 is equal to 3® 1' nearly. 

sin 0 _ 19493 
0 “19494* 


5. If 


prove that 0 is equal to 1® nearly. 

* 6. If tan« = ^, 

find an approximate value for 0. 

Find the value, when x is zero, of the expressions 


7. 


10 . 


X - sm X 


t an X - sin x 
sin* X 


8. 


♦ 11 . 


l-COS77U;‘ 


9. 


tan 2a; — 2 sin x 


.8 


sinoo; 
sinfcar’ ^ 

versin ax 
versin bx’ 


13. 


m sin X — sin mx 
VI (cos X — cos vix) * 

6* sin* ax — t^ sin* bx 
6* tan* a« - a* tan*6a? 




17. 


19. 


e«-l + log^l-x) 


sin*x 


sin X + sin 6x - 7x 


14. 


16. 


18. 


20 . 


a* sin ax — b^ sin bx 
b- tan ax — a^ tan bx 

X log, (1 + x) 
1-oosx 

x + 2 sin X — sin 3x 
X + tan X - tan 2x 

Bin*tM?-8in*mx 

l-oospx 



[Exs. V.] 
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^21 


■ iC 


1 rain X e*- 

_ a* ^ 


-] 


, 22 . 


sin^ ^/mnx ~ sin w».r sin fix 
(1 ~ cos »/<.r) (1 - cos nx) 


Sainas-sinSx 

Z^c-;- 

X - am X 


24. 


^sinx-2sin^^ +(1-C03j)^ 
sin X sin 2x - 8 cosx sin^ ^ ^ sin^x 

Z ti 


25. 


a*-6* 


26 


■ ( 


tan x\^ 


nn ( ^ . 3x\ * 

27. ( cos ~ + sin — I . 

\ m m / 


Find the value, when x equals of 

(cos X + sin 2x + COB 3x)2 
(sinx + 2co8 2x - sin 3x)* “ 

[ 22, (smx)^“*. 30, sec X-tan X. 

Find the value, when n is infinite, of 


31 


■ 


32 




33 




34. If n be >1 and nearly, prove that (sin 5)” U very nearly 
^ual to 

(n - 1) + (n + 1) sin & 

(n+ l) + (n- i) Bin 

35. In the limit, when ^=a, prove that 

a sin /3 - fi sin a 

__ • * t ^ . a . 


36. yrrove that 


^s/S-^cosa = tan (a - tan“J a). 


4tan-ii-I=tan-> J-_ 

5 4 239 * 


five ^ and (7^ is 

1 " , ^ ^ the eighth part of a right angle by 

3 db'. correct to the nearest second. ^ ^ 
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[Ezs. V.] 


37. Find a and 6 so that the expression a sin + 6 sin 2x may be aa 
close an approximation as possible to the number of radians in the angle ^ 
X, when x is small. 


38. If 3 /=x - e sin x, where e is very small, prove that 


tan 


y 


and that 


= ‘a“f (l- 


« + sin® X 


)■ 


4 


X 


tan - = tan 

Jt 


i( 


1 4* + e® cos® 


!)• 




where powers of e above the second are neglected. 

39 . If equation sin (w - d)=sin w cos a, 6 be very small, prove 


* « 


that its approximate value is ^ 

2 tan w sin® ^ “ tan® w sin® ^ 

40. If 0 t)e known by means of sin 0 to be an angle not > 16®, prove 
that its value differs from the fraction 

28 sin 20 +sin 40 
12 (3+ 2 cos 20 ) 

by less than the number of radians in 1 \ 


i 


-O 


I 



40. 


Prove that the roote of the equation 


- 

'\ 


y.r-. 


8x3-4x®-4x + l=0.(1) 


3ir 


are 


OTT 


7- 


eoe ^ , eo$-^ , and cos -y, 


i' 


hence that 




i. 


/ < 
f 


IT Sr 6 ir 1 

eo$- +C08 Y’^co$Y = 2 


( 2 ) 


y 


ir Stt 3ir 5t Sir ir 1 

cos = eo8 + cos -TT cos -jT + cos — cos —= - H 
7 7 7 7 7 7 2 


(3) 


and 


T Sir Sir 1 

cos - cos cos -=- =s — t: 
7 7 7 8 


(4). 


First Method. Let y = cos ^+ 1 sin where $ has either of the values 


} 



r Sir Sir 9ir Hr . ISr 

Y* 7 » 7 * *■» 7 » 7 and ^ . 

■■ ■ ^ 

t/®=co8 7^+i sin 7^=-*1, 

Then 

i.e. 

(y + 1) (2/*-y®+2/*-y’+y*-!/ + l)=0' 


Now the root y = — 1 corresponds to the value $=:v. 





i 




L 




[ 


i 


^ \ 




\ 


« 
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The roots of the equation 

+ . 

are therefore oos^ + tsin $, where $ has either of the values 


3ir 


6ir Gtt Hit IStt 

or — 


7 . 7 . 717 . 7 * 


Put 


2x=y+-=co8 ^ + f sin 9 + -i—;— 

y cos ^ + 1 Bin 0 


=coB0 + i sin ^ + COS $ - i sin ^=2 cos 


so that 


1 / 1 \* 

!'*+ip = (y + -j -2 = 4 x>-2, 


and 




On dividing equation (6) by it becomes 




t.«. 8x®“ Ar* —4x + l=0 

The roots of this equation are 


coa~» cos^, ooa^. cos^, oos — and cos-— 


7 * 


7 ’ 


Since 


oos 


13ir 


ll.r 


3t 


cos^, cos—= cosy, 


and 


the roots of (6) are therefore 


97 r Sir 
oos y=cos y, 


We then have 


T 3ir _ Sir 
cos-, oosy, and cosy. 


cos ^ + 008 ^ + 008 ^ = ^ = ! 
7 7 7 8 2 


COB - COS y + COS y cos y+COS y cos J 


-4 

8 


1 

2* 


and 


«• 


i.e» 


*■ 3ir Stt 1 
^ ^eos^cos-cos_ = -g. 

ji^eeiiimdtefliod. Tie equation 

f (cos 5 + 1 sin -1 

• ••• 


C0875 + iRin 75= -1 


(5) 


( 6 ). 




( 






m. 


L. T. II. 


4 
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is clearly satisfied when Q has either of the values 

TT Sir Stt 9ir IItt _ IStt 
7 ’ 7 * 7 * ' ~7~ * . 

Writing c for cos 6 and « for sin 0, the equation (7), on being ex¬ 
panded by the Binomial Theorem, becomes 

+ 7fc6« - 2lch^ - 35tcV + 35c*s* + 21icV - Tcs® - iV= - 1. 

Equating the real parts on each side, we have 

- 21cH^ + 35cV - 7c««= -1. 


Putting «^ = l-c^ we see that the cosine of each of the angles (8) 


satisfies the equation 

64c7 -112c» + 56c® - 7c +1 = 0.(9), 

t.c. (c+1) {8c®-4c®-4c + l}®=0 .(10). 

But 


- 13ir ir 

C0S7r=-l, cos ^ =C08;^ , 


IItt Stt 

COB -=- = cos 

7 7 


and 


9ir 6 t 

cos -=- = COS-;r-, 

7 7 


TT 5 

so that the roots of (10) are -1 and cos ^, oos-^, and cos^, the 
latter three being twice repeated. 

Hence cos ~, cos ^ and cos ^ are the roots of the equation 

8c® - 4c® - 4c +1 0. 


But this is equation (6). 

The equation (9) may also be obtained by putting n=7 in equation (2) 
of Al t. 49, which is in the next chapter. 

^ Third ZKZetbod. When only a small number of angles are introduced 
'^ho equation (6) may be easily obtained without using imaginary quan¬ 
tities. 

Let 0 denote any of the angles (8). 

Then 70 = an odd multiple of ir. 

cos 40 = — cos 30, 

i,e. if cos 0 = c, we have 

2 {2c® -1}® -1 = - {4c® - 3c}, 
i,e. 8c* — 8c®+ l = 3c — 4c*, 

i. c. 8c* + 4c® - 8c® - 3c +1 = 0, 

i. e, {c +1} (8c® - 4c® - 4c +1)=0. 
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Hence as in the Second Method the roots of 

8c5-4c*-4o+l=0 

are oos-, cos-^, and cos 

41. From the preceding article we can obtain an equation giving 

* IT ft 3ir ^ ^ 5 t 

Bee*-, sec*y , and see*— . 

In equation (6) of that article put 4=y, and therefore x= It 

^ Jy 

then follows that the quantities 

sec® ^, sec^ ^, and sec^ ^ 


are the roots of the equation 


8 


+ 1 = 0 , 


y-Jy y~-Jy 

or, on rationalizing, 

y»-2V + 80y-64 = 0...(1). 

Again, putting y=l + r, then, since Beo»5= 1 + tan^^, it follows that 

tan* ^, tan* y , and tan* y 

are the roots of the equation 

(l+*)*-24(l + r)»+80 (l+z)-64=0, 

r*-21x* + 35«-7=0. 

The equation (2) may be easily obtained directly. 

For, if $ stand for either of the angles 

T ^ ^ ^ Sir Sir 

7’ 7 ’ 7 ’ 7 ' T’ T 

tan 7^=0. 

t.tf. by Art. 30, 

7«-^C',.t«+rCe.t»-7Cyt7=0, 

«^-21t®+35t3-7t=0, 

* U*-21(*+35t*-7}=0 

But 


( 2 ). 


and 


(3). 


6ir 


tan,_0, tan^=-tanl, tan^=-tan^ and tan^=-ton!^. 


Sir 


2ir 

T 


4ir 

1 
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The roots of (3) are therefore 


0, ±tan^, ±tan^ and itan^ 


Hence, putting the quantities 


tan^ ^ . tan* y , and tan* ^ 


are the roots of (2). 


i 


EXAMPLES. VL 


1, Prove that 



1^3? 



= X* + 2x^ — X* — 2a; +1. 
rove that the roots of the equation 


• » 


i'* 

^ • 


1 




2t 


4t 


6ir 


9x® + 4x*-- 4x -1=0 are cos , cos— , and cos —, 


X 


3, Prove that sin ^, sin ^ and sin ^ are the roots of^e equation 




.V^ 


Prove that 


X- 4. 


+ 


A o 27r . 

4 — sec* -fj- 4 — sec 


4r 


4 - see* 


6r 


= L 


* . TT . 27r 4 ^TT . 4»- 19 

5. C0S*g + C0S*y+C08*—+ COB« — =jg. 




eo* ^ + Bec< ^ + se^ — = 1120. 

Stt 5ir * Ttt Stt 1 

11 + Tr+ n + “°«n+ ““ n = 2 • 


V 


4 




Form the equation whose roots are 


tan® ^, tan® ^, tan® ^ , tan® ^ and tan® 





11 ' — 11 
\ [Commence with equation (3) of Art. 30.] 


11* 


(Exs. VI.] 


EXAMPLKS. 


Prove thaj, 

8. ,0ot»3 + oot»^ + oot»|?+cot»g- + cot»®f=l5, 


10. sec^ 


11 . 

12 . 


^ + eec^ ^ + sec^ I? 



n + n + n 


cos^.cos^.cos^=r^ 


13. 008i+0O8lf+0O3^+CO3‘-^=-l 

16 15 ^15 2 ' 


14. Prove that sin ^ is a root of the equation 



CHAPTER IV. 



EXPANSIONS OF SINES AND COSINES OF MULTIPLE ANGLES, 

AND OF POWERS OF SINES AND COSINES. 


[On a first reading of the subject the student is recommended 
to omit from the beginning of Art. 48 to the end of the chapter.] 


42. In this chapter we shall shew how to expand 
powers of cosines and sines of an angle in terms of cosines 
and sines of multiples of that angle, and also how to 
express cosines and sines of multiple angles in terms of 
powers of cosines and sines. 

Throughout the chapter n denotes a positive integer. 



Let a = cos ^ +1 sin 0, so that 
1 cos ^ — t sin ^ 


cos 0 -h t sin ^ cos®^ + sin*^ 


cos ^ t sin 0. 


Hence 




and 

a; — i = 2^ sin 0, 

X 

Also, by De Moivre’s Theorem, we have 

= cos nO -\-i sin 

and 

— = cos 710 — i sin n0. 

so that 

a’* + = 2 cos 710, 

x^ 


■ 



fl?”-- = sin nO, 
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Case 1. Let n be even, so that the last term in the 
expansion is 

1 « ^ ' 

+ -, and r'‘ = (-l)2 . • ar" 

The equation (1) is therefore 
2 "(-1/ sin» 0 = a:" - jw;”-*. - + a.’*-'*. - - .. .. 

X 1.2 

n(n —1) 1 1 1 

d-r“o ^ • IPj - nx. + — . (2) 

1 ,2 * x^ ^ x^ '' ' 

= (^■" + ^„) - «(*”->+ 

= 2. cos nd - n. 2 cos (» - 2) ^ . 2 cos (n - 4) 0 

X ft ^ 

as in Art. 44. * 

n 

/. (-1)2 sin” ^ = cos - n cos (n - 2) ^ 

n(w —1) 

+ ~ l 2 ~ (w - 4) ^ -.(3). 

Since n is even, there are an odd number of terms in 

(2), so that there will be a middle term which does not 

contain x. This term, on being divided by 2, will be the 
last term in equation (3). 

This last term could easily be shewn to be ^(-1)2 * 

Case II. Let n be odd, so that the last term in the 
expansion (1) will be 

1 «~i 

and = i. i»-> = i(_ 1) 2 , 
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The equation (1) then becomes 

n—1 


2 “. i. (— 1) . sin” 0 = x'* — 7ix ^~^. - + ^ a 

^ flj 1.2 




1.2 


X 








(4). 


Now, by Art. 43, af^ —sin nO, 

00 


-sin (n — 2) 0, 


Hence (4) becomes 

n-\ 

2 ”.i.(—1) * sin”^ = 2isin — n. 2isin(n — 2) 

n{n-l) _ 


so that 


1.2 

n-l 

2 ”->(-l) * sin”^ 
n(n.-l) . 


. 2i sin (n — 4) ^ 


= sin n6 — n sin (n — 2) H- ^—~ sin (n — 4) ^ — 

X t ^ 


,(5). 


Since n is in this case odd, there are an even number 
of terms in (4), so that (4) can be divided into pairs of 
terms, and there is no middle term. The last term in (5) 
therefore contains sin 0, 

n-l In 

This last term could easily be shewn to be (— 1) a •“ 


n-l 

n +1 

2 

2 


sin $. 


We have 


✓ 


6 


-a:8_6x* + 15x2-20 + 15.i -6. ^ 

«i/ so 
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BO that 


- 2« Bin* 9 = (x* +1) - 6 (x* + 1) +15 (*» + i,) - 20 

= 2 cos 60-6.2 cos 40 + 15.2 cos 20 - 20. 

A -2® sin® 0=co8 60 - 6 cos 40 + 15 cos 20 -10. 


3. Expand Hn^ 0 in a teries of sines of multiples of 0. 

We have 2^ i7 sin^ ^ ~ 

=x»-7*» + 21x»-35x+35.i-21.i+7. i - 1 

, sin^ 0=2isin70-7.2ism50 + 21.2i sin 30-35.2i sin 0. 

- 2® sin^0=sin 70 - 7 sin 50 + 21 sin 30 - 35 sin 0. 


8. Expand cos^ 0 sin^ 0 in a semes of sines of multiples of 0. 

We have 

2®cos®0=^* + iy, and 2^*7sin^0 = - iy. 

Hence 2“. <7. cos® 0 sin^ 0= - —^y ^x - iy 

= [x.o _ 6X. + 10x» 4VI - ^4] _ 2 + y 

= (*” - x4) - 2 (*>• - J-.) - 4 (x3 - i ) + 10 (x. -1) 

+ s(^-Ji)-20('x5-4'). 

Hence, as before, we have ' ' \ ^ J 

-2“oo8®08in7 0=ainl20-28inlO0-4sin 80 + 10 sin 60 + 5Bin40 

— 20 sin 20. 

EXAMPLES. Vn. 

Prove that 

L Bin®0=i[sin60-60in30+lOain0]. 

^ 9*+9 OOB 79+36 oos 69+84 cos 39+126 cos 9]. 
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[Exs. VII.] 


3. C08^®^ = 


10^ + 10 cos 8^ + 46 COB 6^ + 120 cos40+ 210 cos 26 +VIC-,]. 

4. sin* ^ = [cos 80-8 cos 60 + 28 cos 40 - 56 cos 20 + 35]. 

4 

1 

5. sin* [sin 90- 9 sin 70 + 36 sin 50 - 84 sin 30+126 sin 0]. 

6. 2^ sin*0cos*0=cos 60- 2cos40-cos20+ 2. 

7. 2* sin® 0 cos* 0 = sin 70-3 sin 50 +sin 30+ 5 sin 0. 

8. - 2'* sin* 0 cos* 0 = sin 110 + 5 sin 90 + 7 sin 70-5 sin 50 - 22 sin 30 

—14 sin 0. 

S%7X TtO 

* ■■^"48. To express ct series of descending 

powers of cos 6. 

If a? be < 1, we have 
sin 6 


1 — 2a; cos B 


= sin ^ + ajsin 2^ + ir^sin 30 + ... 


+ sin n0 + ... ad inf. 


(!)• 


This may be shewn by multiplying each side by 

1 — 2a; cos 0 + a;^, 

when it will be found that the right-hand member will 
reduce to sin 0. 

A more rigorous proof will be found in Chap. VIII. 
Equating coeflBcients of a;"~^ in (1), we have 
sin 710 


sin 0 


= coefficient of x^~^ in [1 — 2a; cos 0 -I- a;^]“^ 


= coefficient of in [1 — a; (2 cos 0 — a:)]“^ 
= coefficient of x^~^ in 

1 -f a; (2 cos 0 — a;) + a;* (2 cos 0 — a;)® -f. 

+ a;""-* (2 cos 0 — x)^* -h a;”"^ (2 cos 0 — a;)"“* 

+ a^”“^ (2 cos 0 — xf~^ -i- a:” (2 cos 0 — a;)" H-.(2). 





BIN n0 


Ii.s $ bescendinq poweks of cos 0 . 
Now coofficient of 
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a;n-l in ^n-i (2 COS 0 - iv)^^ = (2 COS 0 )^-\ 
coefficient of in (2 cos 0 — 

= coefficient of x in (2 cos 0 — x)^-^ 

== — (w — 2) (2 cos 
coefficient of x*^~~^ in a:“~*(2 cos ^ 

= coefficient of of* in (2 cos O—x)^-^ 




(n — 3) (n — 4) 

=-j-g-^ (2 cos 


and so on. 

Hence, from (2), picking out in this manner all 
coefficients of x'^\ we have 

sin nO 

= (2 cos 0)^-^ -(n~2) (2 cos 6)^ 

(n —3)(n—4)._ 

H-- - (2 


the 


_(«-4)(n-6)(n-6)_ 

1.2.3 (2cos6')’* ' + 


li n be odd, the last term could be proved to be (-1) » ; if n be even, 
It could be shewn to be (-1) * * (n ooe $). 

**49. To express cosnO in a series of descending 
powers of cos 0. ^ tf 

If a? be < 1, we have 
_ 1 — 

1 — 2a; cos 0 = 1 + 2a: cos 6 + 2a? cos 2B H- 2a;® cos 3^ + 

...H-2a:”cos/i^ + ... ad inf. .( 1 ). 

This may be shewn by multiplying both sides by 

1 — 2a; COS 0 + a;3^ 


• • • 
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when it will be found that all the terms on the right-hand 
side will reduce to 1 

A more rigorous proof will be found in Chap. VIII. 

Equating coefficients of a;” on the two sides of (1), we 
have 

2 cos nd = coefficient of £r” in (1 — [1 — 2x cos 0 + 

= coefficient of — coefficient of x^*^ in 

[1 — a; (2 cos 0 — a;)]“^ 
= coefficient of a:;” — coefficient of x^~^ in 

1 -I-a;(2 cos^-a;)-ha;*(2cos ... 

... -h x^ (2 cos 0 — x)^-^ + x^^ (2 cos 0 — x)^^ 

+ af^ (2 cos 0 — xY 4* (2 cos ^ — ar)"+^ -f* ... . 


Picking out the required coefficients as in the last 
article, starting with the term 

a^ (2 cos 0 — a:)**, 

we have 2 cos nO 

= (2 cos Oy — (n — 1) (2 cos dy^ + ( _ ^ . (2 cos 

- (2 00 . «)« .. 


— (2 cos dy~^ — (n — 3) (2 cos 6) 




=(2cos^)”—n(2cos^)'^“ + 


1.2 

-2)(n-3) 


■(«- 2 ) 

1 . 


+{n 


(n-3)(n-4)(;i-5) , (n-4)(n-5) 


1.2.3 


+ 


1.2 


-3) J (2 cos 9)”-* 


cos , 
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SO that, finally, 


2 cos 710 = (2 cos 0)^ - n (2 cos ^ (2 cos 

J. * ^ 


n— 4 


n (n — 4) (n—5) 

-— 1 2 3-+.(2). 

The last term could be shewn to be 

n^l 


n 

2 


(-1) . n. (2 coa 0) or (-1) * . 2, 

according as n is odd or even. 


**60. To expand 

sin 0 

powers of cos 0 , 

As in Art. 48, we have 


in a series of ascending 


sin n0 . 

0 = coefficient of in [1 - 2 x cos 0 + 

= coefficient of x^^ in [1+ a; (a; - 2 cos 0 )]-^ 

= coefficient of £c”~^ in 

1 — a; (o! - 2 cos 4- ic* (a: “ 2 cos —. 

.+ (— ly af(x-2cos0y-\- .( 1 ), 

Case I. Let n be odd, so that (n - 1) is even. 

The lowest term in (1) which gives any coefficient of 
is then that for which 


71—1 

r =- 

2 • 

Hence, in this case, 
sin n 0 

= coefficient of in 1 - a; (a: - 2 cos 0 ) + ... 


n-1 n~l 
+ (—1) ^ X ^ 


n-^^ 

+ (-l) * 


n+3 


y»4-l n+1 

(aj-2cos(9) 2 2 ^ 2 (a:-2cos6')~ 

n+3 

(« —2cOS^) 2 

+ (- 1)"-1 (x — 2 cos 0 y~^ +.. 


X 


2 
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Picking out the required coefficients as in Art. 48, we 
have 


sin nQ 
sin 6 


=(- 


n-l 

1 ) ^ +( 


^1+1 


- 1 ) ^ 


n-f 1 n — \ 


1.2 


(- 2 cos dY 


+ (- 


n+S 

1 ) 2 


n + 3 n + 1 n-1 n-3 


2 


1.2.3.4 


- (- 2 cos 0)* + .. 


Hence, finally, when n is odd, we have 


+ (2 cos 


(- 


n—1 • /» 

Sin n& 


= 1 _ eos» 0 


' ■ -CT = " - T72- + '-g—^ ^ 


- P) («“ - 3^) (7i« - 5’) . „ 

--jg- COS®^ — 


n-1 


+ (--1) ^ (2 cos 


( 2 ). 


Case II. Let n be even, so that n — 1 is odd. 

The lowest term in (1) which gives any coefficient of 
is then that for which 


n 



Hence, in this case, 


sin . 

= coefficient of in 1 - a; (a; - 2 cos ^) + 


♦ •# 


ly ic - 2 cosff) = +(- 1 y o.-^ cos 

+ (—1)^ ^ (a: — 2 cos 2'*'^ + ... 

+ (- I)"*-* a;”-* (a: - 2 cos 0y-‘ + ... 





8IN n$ 


BIN 


^ IN ASCENDING POWEKS OF COS 6 , 
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Picking out the required coefiScients, we have 
sin nd 

’2 


= (-1)^-h(-2cos^) 


+ (-1)2 


?+i 



+ 1 




1.2.3 


(— 2 cos Of 


+ (-l)^^* 



+ 2 



+ 1 




+ 


1 . 2 . 3 . 4.5 

.+ (2 cos 6y^\ 

Hence, finally, when n is even, we have 


(— 2 cos oy 


(- 1 ) 


?+i sin nO 
sin 6 


n 


r [5 


?+i 


+ (— 1)* (2 cos 


(3). 


• equations (2) and (3) of this article are 

simply the series of Art. 48 written backwards. This is clear from the 

method of proof, or the statement could be easUy verified independently. 

f ^ 

^*51, To expand cos n6 in a series of ascendina 
powers of cos 0. ^ 

As in Axt. 49, we have 

2 cos n0 = coefficient of re" - coefficient of in 

(1 — 2x cos 0 + x~)~^ 

= coefllcient of x^ — coefficient of x^~^ in 

1 - «(ic - 2 cos ^)+ (a? - 2 cos ey -. 

+ (- l)-- (re - 2 cos 6I)>- +.( 1 )^ 


as in Axt. 49. 

I-. T. U. 


5 
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Case I. Let n be odd, so that w — 1 is even. 

7 The lowest term in (1) which will give any of 
coefficients we want is that for which 


the 


n — 1 


r = 


Hence 2 cos nd = coefficient of — coefficient of 


in 


n-l n-l 


n-l . 


— a; (a: — 2 cos 1)^ x ^ (aj — 2 cos 6) ^ 


n+l n+1 


n+1 


n+3 n+3 


n+3 


+ (- 


= (- 


1 ) 2 ^ 2 (a;—2 cos^ +(—1) ^ a? ^ (a;—2cos^) ^ 
.+ (— 1)” a:" (a: — 2 cos . 


2 cos 




+(- 


n+1 
1) ^ 


n+1 n—1 n —3 

1 / ft /»\ 2 2 ^ / ft /i\' 

-g— (- 2 cos (9) - Tim - (-2 cosi9> 




n+8 
1 ) ^ 


n + 3 n + 1 n — 1 

“2“ 


1.2.3 


(— 2 cos 


n + 3n+ln — In — 3n — 6 
“2 2 2 ^ 2 


1 . 2 . 3 . 4.5 


(— 2 cos ^)' 


..+ (2 cos 




/. ( — 1) 2 . 2 cos n^ 

=cos 0 [(n -1) + (n +1)] - C0S> 0 [(n- 3)++3)] 

(» + 3)(n+l)(w-l)(w-3) ^ _ 5) + (n + 5)] + .... 

+ (-l) a (2 cos 0)1 
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Hence the principal value of the lo*^arithm of a 

negative quantity -x (with our extended dchnitioii) is 

I equal to the ordinary algebraic logarithm of x added 
* on to iri. 



Logarithm of a quantity which is wholly imagin- 
the result of Art. 83 put a = 0, and wo have 


Log (^t) = 2n7ri + log, /8 + 1 



so that the logarithm of any quantity which is wholly 
imaginary consists of two parts, the first of which is real, 
and the second of which is imaginary and many- valued. 

As a particular case, put = 1, and we have 


Log (\/Zi) = i ^2n -t-1) w, 


. SO that the principal value of Log (V— 1) is -i 

2 


87. In the result of Art. 83 put 


a = cos 0 and 0 = sin ft 
Log (cos 0 + i sin 0) 

= log, 1 -I- i (2mr + 0) = 0i -f- 2a7r;, 
Log e« = 0i + 2mn. 




The principal value of Log 
that value of {$ + 2mr) i which 
between — tt and + tt. 


6*^, i.e. log is therefore 
is such that 6 + 2 n 7 r lies 


L. T. IL 


7 
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88. Ex. 1. Resolve vito its real and imaginary parts the expression 

Log sin (x + yi). 

Let Log Bin (a; + i/i)=«+vt, so that 


=sin (x + yi )=sin x cos yi + cos x sin yi 

ev + e~v ey-e-9 

= Bin4J — - \‘t cos X—-—. 


so that 


As in Art. 18 let the right-hand side of this expression equal 

r [cos {2mr + ^) +1 sin (2mr -f 


= +\/ sin^x +cos2x 

= i V {e'^v + _ 2 cos 2x 


i^Y 


= 4 ^/^8h 2y - 2 cos 2x = 2y - ^ 

and 0= tan“* ^ J = tan“* [cot x tanh ?/], 

with the usual restriptipn of Art, 20. 

We have then from (1) 

(cos t> -H < sin v) = r [cos (2n7r + 0) + i sin {2nx 0)], 
Hence e“=r, so that wssloger, 
and v = 2«ir + ^. 

Log sin (x +yi)=u + vi =log, r+(2nir + 0)i 


and 


=5log.[ 


cosh 2y — cos 2x 


J + i [2nir + tan“* (cot x tanh y)]. 


By putting n equal to zero, we have the principal value of 

Log sin (x-{-iy). 

“Gx. 2. Find the general value of Log (-3;. 

. Let x-l'yt=Log(-3), so that 

- 3 . 

Put - 3 = r (cos (2njr-l-tf) + t sin (2nx-(-tf}}, 

as in Art. 18. 

Then we have r=3 and d=ir. 


( 1 ). 



LOGARITHMS OF COMPLEX QUANTITIES. 
Hence 3 {cos {2mr + ir) +1 ein (2nir + ir)} 

(cos 2/+1 sin y}. 

Hence c»=3, so that ar=Iog,3, and y=r2Mjr + r. 

A Log(-3)=log.3 + (2HT + 7r)t. 

The principal value, obtained by putting n equal to zero, is 

log. 3 + xi. 


EXAMPLES. 

Prove that 

1. log(co99+fsm«)=,-6>. if 2. log(-l) = 

3. log(-<)=-',•. 

4. log (1 + cos29 + i sin 29) = log. (2cos 9)+ «, if -x<9).:r. 

5. log tan jtan"'sinhar. 

/ 

6. log cos (x + yt)=^~ Inp. ( + QOS \ 

^ 2 2 J ~*tan ^(tanxtanhy} 

i« I 6in(x+t/0 

^ ^^i51^r^) = 2Uan->(cotztanh2/). 

008 (x - t/ il 
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9. 

/lO. 

11 . 

12 . 


^ f+7~ ^ *• 


log(l+itana)=Iog.seca + „,-. where a is a positive aente angle. 

(r^)=*°8*G<=°^oo|)+«■ (1 -1). 


a + bi 


,og^: = g.-tan-'^. 


13. ^'Og(-6) = log,5 + (2nx + x)i. 


14. 

15. 


I^og (1 + i) = i log^ 2 + i ^2nx + . 

Find the value of log log sin (a:+yi). 


7—2 
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I 

89. Definition of a* when a and x are any 
quantities, complex-or real. When a and a are real 
quantities we know that 

= (Art. 5.) 

When a and a? are complex the ordinary algebraic 
definition of a* no longer holds. 

Let us so define it that 


V *♦. f 

for all values of x and a, whether real or complex. 

Now, by Art. 83, Log a is many-valued and complex 
when a is complex. Hence a* is many-valued and com¬ 
plex, so that 

qX _ ^LoRa _ g* (2nir<+!oga) 


The value of a® obtained by putting n equal to zero is 
called its principal value. 

Hence the principal value of a* 


_ ^loga 


From Art. 59 it follows that if principal values be considered we 
have a* x a^=:a^, so that the principal value of a* satisfies the ordinary 
algebraic law of indices. 


(loga)®+ ... (by Art. 56), 


= 1 + a? log a 4* 


90. It may now be shewn that, if y be complex, 
log(l+y)=y-|y> + |2/*-ij/‘+.ad int 

The proof is similar to the proof when y is real, ^ 

(Art. 8.) 

It is, in general, necessary that the modulus of y be < 1; 
otherwise the Binomial Theorem does not hold for com- 
plex quantitiea (Art, 26.) 
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If the modolas of y be equal to unity, so that y may be put equal to 
008 0 +t sin 0 , the expansion can be shewn to be still true, except in the 
oases when 0 is equal to an odd multiple of ir. 


Since 
we have 


Log (1 + y) = 2n7ri + log (1 + y). 


Log(l +y) = 2n7rt + y-|y> + |y»-l3/‘+.ad inf. 

91. To separate into its real and imaginary parts the 
expression (a + 

Let 


a + = r (cos 6 + i sin 6\ 


so that, as in Art. 18, 

,_ B 

r = V H- and 6 = tan“^ ~. 
Then, by definition, 

(a + ^ 

_ gl»+vi} |log(»+p*)+am«<J 


ss; Uos♦*+(^+2m7r) ij 

=: ^{^^ogr~-y(0+imv)\+i{y\ogr+x{$+%mv)) 
s- gfljlogr ^ 0—y{9+2mw) ^ ^*{yloRr+iS(S+2mir)f 

«= r*. e-v(«+2nw) [cos (y log r + a: (^ + 2 m 7 r)} 

+ i sin {y log r + a: (^ + 2rra7r)}]. 

If we put m equal to zero, we obtain the principal 
value of the given quantity, viz. 

[cos (y log r + x6) + i sin (y log r + xO)]. 

**92, Sx. 1 . Fiiid the general value of 
We have 
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where n has any integral value. 


The principal value of [»J - is 



Ex. 2. Find the general value of Log.^ {— 3), 

Let Loga {-3)=a: + ^i, so that 2*+i^= -3, 
i.«. —3 |oog (2m7r + ir) + isin (27/i7r + ir)} (Art. 

But Log2 = 2n7rt + loge2, and 3 = e*®'^*®, 

/. + (2«7n:+log^2)_glog^ g{2mn+n)i^ 

i^ + yi) (2nTi + log«2) = Iogj3 + (2mT + 7r) i. 

Equating real and imaginary parts, we have 

xloge2-2nirj/=:log,3, 


and 


Solving, we have 


z . 2n7r + y log, 2 = 2mw + 


log, 3 log, 2 + (2wnr + x). 2nT 
(log, 2)* + 4n®7r^ 


and 


y- 


^ (27n7r + ir) logr 2 - 2n7r log, 3 


Hence 


(log, 2)2 + 4n2^ 
Loga (- 3) 


{log, 3 log, 2 +2n (2gt + l) j + iir {{2m +1) log, 2-2 k log, 3} 
“ (log, 2)® + 4n.V^ 

If m=ns:0, the principal value is obtained, viz* 

logi 3 + Tt 
log, 2 
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93. It could now be shewn that the general values 
of the logarithms of complex quantities satisly the 
ordinary laws of logarithms, viz. 

Log mn = Log m + Log w. 


and 


m 


Log — = Log m — Log n. 


It could also be shewn that Log = n Log m -f ^pTri, 
where p is some integer or zero. The pi oof is left as an 
exercise for the student. 


EXAMPLES. XIV. 


Prove that 


1. a<=e ^”‘’'{cos(loga) + isin(Ioga)}. 

2. i“=cos + +iain + ,ru| . 

3. =cos ^ +1 sin $, where 




4. 

that 


jf principal values only being considered, prove 

'trA S 

tan —= -, and 
If i*'*‘^^=a + /3£, prove that 

a3 + /32_g-(4« + l)jrj3^ 

T, (l + q^H-vi _ ^ 

prove that one value of is 


2Pir + 3log^2. 


If (a + bi)p= 


prove that one of the values of - is 

z 

2 tan-i - 
a 


log. (a5*+6q* 



104 


trigonometry. 




[Exs. XIV.] 

8. If a^+^^ = {x + yi)f^^ principal valuea only being considered, 
prove that 


aud that 


“=I i' log. + 1 /’) - g tan-> ?! log, e, 

X 

log.(..+ y»,=2p^«. 


9. Prove that the real part of the principal value of (i) Ioko+a [g 


e 8 cos 


(jlog 2 ^. 


10. _ Prove that the principal value of (a + i6)“+*^ is whoUy real or 
wiioUy unagmary according as 

\ ^ log (a* + + o tan-i - 

^ a 

is an even or an odd multiple of ^. 

A 

11. Prove that the general value of 

(1+ 1 tan a)”* 


IS 


,a+27nTr 


12. If 


[cos {log cos a} +1 sin {log cos a}]. 

A+/t* 


f a + x + iy\ 
\a-x- iy) 


=x+ir. 


prove that one of the values of 


tan-* ^ ia X tan"' (+ - log + y" 

X 2'°^ {a-xY + y^ 


13. Prove that Log^^ 


4n+ 1 


4m+1 • 

where m and n are any integers, 

14. Provo that the general value of Log^ (- 2) is 

-flog 2)2+ m.(2n + l)7r2 . (27( + l-m) tt log2 

■ 2(Iog2)3 + 2wtV2 2(log2)3 + 2m27r2 ’ 

Explain the fallacies in the following arguments: 

15. For all integral values of n we have 

e^"^=eo82n3r + i6in 2ft7r = l5 

so that 



XIV.] 
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Raise all these quantities to the power ; thus 

—4ir_ .-67r_ 

e —c —6 

•*. 2x=s4n-=6T = ...,*,, 

16. For all values of 0 we have 

cos (0 - t) +1 sin (ff - x) = cos (ff + x) + i sin (0 + x), 

so that 

Hence ^-x=fl + x, i.e, x=0. 

17. If ^ and tp be the principal values of the amplitudes of two 
complex numbers x and y, prove that 

log =log a:+log y + 2nxi, 

where n is -1, 0, or +1 according as ^ + 0 is >x, greater than -x and 
not greater than x, and not greater than - x, respectively. 


CHAPTER VII 


GREGORT*S SERIES. CALCULATION OF THE VALUE OF tt 


'(O 


94. Gregory’s Series. To prove that, if 6 he not 

TT , , . TT 

4 


less than — - and he not greater' than + then 


6 = tand — \ tan^ 0-^^ tan^ 0 ~ .ad inf. 

o 0 

We have 

1 +1 tan 0 = sec 0 (cos 0 -\~i sin 0) 

= sec 0 .e^. 

Hence, by Art. 83, we have 

loga sec 0 + 0i = log (1 4-1 tan 0), 

Therefore, by Art, 90, if tan ^ be numerically 
greater than unity, we have 

loge (sec 0) + 0i — log (1 + i tan 0) 

= i tan 0 — tan^ 0 tan* 0 — 

^ 3 

= i tan 0 + ^ tan^ ^ tan* ^ ^ tan* 0+ . 

o 4 


not 


ad inf. 
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Equating the imaginary parts on each side of this 
equation, we have 

0 = tan0-itan®0 + |tan®0-itan^0 + ... ad Inf.... 


( 1 ). 


Since this series is true for acute angles such that the 
tangent is not numerically greater than unity it is true 

for all angles lying between the values and and 

4 4 

also for the extreme values — ^ and 4- -, 

4 4 

^ 95. The series of the last article may be sliglitly 
transformed by writing tan so that x must be not 

less than — 1 and not greater than 1, 

It then becomes 


tan-^ x = x- ix®+ix*-ix^ + 


ad inf., 


where tan * a; is that value which lies between 


- -2 and 4- -. 
4 4^ 


6. Gregory s Series is a particular case of a more 
general theorem which may be enunciated as follows: 


If e hewn angle which lies between and 4 ^ 

both limits being admissible, then 

^~P'n- = tane-\tan»e+\tan*d- . 

o 5 


ad inf 
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For let 0=p7r-h<f), where <f> is not greater than ^ and 

4 


TT 


not less than — 7 . 


Then 1 + i tan ^ _ 1 -j- % tan <j> = sec <j> (cos i sin <j>) 

= sec <f ). 

Hence, by Arts. 83 and 90, we have, provided that 
ban 6 be numerically not greater than unity, 

log* sec <f>i= log (1 + {tan 6) 

— i tan 6 ~ tan* ^ ^ tan* 0 — 

Z o 

= I tan 0 + I tan* (9 -i i tan* 0 + i tan* 6+ \i tan* 0-... 


ad inf. 


Equating the imaginary parts on both sides of this 
equation we have 

<f> ™ tan ^ g tan* ^ ^ tan* 6^ .ad inf, 

i.e. e-pTT = t&n 0 -|tan *0 + itan* 0 -...ad in£...(l). 

97. ExampU$ of particular caut* 

If e lie between ~ and ~ , t.«. between »■ - j and w + ^, we have 
p = l and equation (1) of the preceding article becomes 

tf-ir=tan^-itan»tf+gtan®^-.ad inf. 


7r 9ir 

If ^ lie between and , i. e, between 2 t 


•g and ^, the equa¬ 


tion becomes 


^-2T = tantf -3 tan* ^i tan* - 

o o 


ad inf. 
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Simaarly, if 0 lie between - —^ and - — , i, e. between -Sv- 

4 4 

-3ir+-, we have ^ = — 3, and the equation becomes 

tf+3x=tan d-i tan»^ + i tan»d-.ad inf. 

o o 

98. If 0 lie between ~ and or between 

4 4 

j TtT 

. 


7 

4 


or, generally, between 

*11^ 1 , Stt 

n7r+- and n7r+ —, 

4 4 

tan 0 is numerically greater than unity; in these cases 
the expansion of log (1 + i tan 6) does not hold, and there 
is no such expansion as equation (1) of Art. 96. 

99. Value of tt. One of the chief uses of Gregory’s 
series is its application to find the value of tt. 

In Art. 95 put x=l, and we have 

4 3^6 7^9 . 






rs) 


5 ■'■ 7.9 


11.13 


This series may be used to calculate tt ; its defect 
however is that the successive terms do not rapidly 
become small, so that a very large number of tei-ms would 

ave to be taken to obtain the value of tt correct to any 
great degree of accuracy. 

For this reason other series have been sought for. 
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100. Kuler^s Series. We can easily prove that 


tan- I + tan- 1 J. 


In Art. 95 put in succession x equal to 


and we have 


2 3* 


^ ^ , 1 , ,1 

- = tan-- + tan-- 

= l-i i 1 i_l r. 

2 3 ’ 2 ^ 5 * 2 ® 7 • + 


i_i 1 1 2_1 

“*’3 3 * 3» 6 * 3» 7 


1 

2’ 

1 


3^ 


+ 


This series converges more quickly than the preceding 
series; but more than eleven terms of the series for 

tan~^ i would have to be taken to give tt correct to 7 

places of decimals. 


101. Machines Series. A more convergent series 
than the preceding is Machines, which is derived from the 


expression 

4 tan- i - tan- ^ ? 


(Art. 240, Part L, Ex. 4). o 


1 1 

By substituting in succession ■= and for x in Art. 
95, we have 

TT^ ri-i 1 1 i_i 1 ] 

4 ^15 3 ■ 5» 5 ■ 6» 7 ■ 6' .J 

r 1 1 1 1 1 1 

[239 3 ■ 239» 5 • 239' .J ' 







CALCULATION OF tt. 


Ill 


• • 


Now 


TT 


1 2» 


-‘"[re-s 

_.rj_ 11 1 1 _ 

[239 3 239* 6 239' 


10» ' 6 10“ 7 10' 


+ 


16xj^ = 3-2 




•001024 


16xi.^,= -0000009102 




0000000977 

3-2010250079 

Also 16 X ^= -0426666666 ... 

o 10* 

16 xi,j^ =-0000292571 ... 
1 2 “ 

16 X —. — -0000000298 ... 


4xi =-0167364017... 

' -0594323552 

Hence 3-2010250079 

- -0594323552 

TT = 3-14169265/27 

This is the value of tt correct to 8 places of decimals. 

By taking the first series to 21 terms and the second 

series to three terms we should get tt correct to sixteen 
places. 
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102. Rutherford’s Series. A further simplification 
of Machin s formula is the expression 

4tan->i-tan-^ + tan-^=^. 

For we have 


, 1 . -1 1 ^ 70 99 , ,29 

tan ^ “ tan * — = tan ‘ _ ■ ■■ = tan“^ 


70 


99 


1 + 


1 1 


6931 


70*99 


= tan 


“1 


239* 


EXAMPLES. XV. 


Assamiug that 


e -n‘a- = tan tan* B + \ tan® ^ 

o 5 

write down the value of n when $ lies between 


, llx , 13*- 

1 . -r- and 


4 • 


^ 19r , 21r 

3 , _ and -r 


_ llx - IStt 

5 . __and-- 


_ 7*- j 9ir 

2. -4 T • 

. Sir . 5t 
4 . _ _ and - ^ 


6 , Prove that 


- 2^3 |l 32 + 5,33 “ 7.33+ •••} 


7 , Prove that 

I I fl. L\ L\ 

4 “ 3 7 “ 3 Vs* 7V 5 \3® 7®/ 

8 . If X be < 1^/2 - 1 , prove that 


«••• 




ad 


inf.^ 


2« 1/ 2« \* 1 / 2x \® , . . 

= 1T^-3Vw) ■. 




[Exs. XV.] 
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Find the valne of to three places of decimals 
9. By naing Euler’s Seri^. 

10. By using Maohin’s Series. 

» 11. By using Rutherford’s Series. 

12. To the second order of small quantities, prove that 

~ ^/^+8in^ log (1 -d) + tan-i ^ sin ^^ 

13. When both 0 and tan-^ (seo 0) lie between 0 and ~ . 

2 

ten-1 (geo fi) = ' + tan. » _ 1 ta^. f + 1 ,an ^ 


♦ 



L T. n. 



prove that 


8 



CHAPTER 7 III 



SUMMATION OF SERIES. EXPANSIONS IN SERIES. 


103. We shall now apply the results of the preceding 
chapters to the summation of some trigonometrical series. 

The chief series may be divided into four classes; 

(1) Those depending for their summation on a 

Geometrical Progression ultimately, 

(2) Those depending ultimately on the Binomial 

Theorem, 

(3) Those depending ultimately on the Exponential 
Theorem, including, as sub-cases, the Sine and Cosine 
Series, 

and (4) Those depending ultimately on the Logarithmic 
Series and, as a sub-case, Gregory*s Series. 

104. In Arts. 105—108 we shall sum one example of 
each of these classes. It will generally be found more 
convenient in summing one of these series involving sviws 
of multiple angles (such as sin a, sin 2a, sin 3a ...) to also 
sum at the same time the companion series involving the 
cosines of the same multiple angles 

(i.e. cos a, cos 2a, cos 3a ,. 

The method will be best seen by a careful study of the 
following four articlea j 


EXPANSIONS. . 127 

Since 2 cos ^ + e~^, 

we have ^ ^ 

log (1 - 2a cos ^ + a>) = log [Ia + e“^) + a^] 

= [(1 “ (1 — (le-^)'] "V 

= log (1 — ae^ 4- log (1 — ae~^ 

= -ae^-l a ^ a‘e^^ - ^ a*e*^ -. 

^ o 4 

- ae-« - ^ i a'e"^ -. 

^ o 

= - a [e« + e-W] - 1 a* + e-2«] - | [e^^' + e-3«-] 

= -a. 2 cos 0 -|a’. 2 cos 20 -ia». 2 cos 3(9. 

=-2 j^acos0+ ia*co8 2(9 + ia*cos36>+ . 

The expansion of log (1 — ae^') is legitimate, by Art. 
90. if the modulus of - ae^ be less than unity. 

Now - oe**' = a (cos (tt + 0) + i sin (tt + 0)}, 

so that Its modulus is equal to a. Hence the above 

expansion is le^timate provided that a is less than unity. 

The expansion is also legitimate if a be equal to unity, 

provided that 0 do not equal an even multiple of tt. 

It 18 also legitimate if a be equal to - 1 and ^ do not 
equal an odd multiple of tt. 

111. ESz. Expand 

l-g» 

1 — 2a cos 0 + a* 

MI a aeries of ascending powers of a. 
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We have 

l~a^ 


1 — 2a cos 0 


a-^ + 


2 — 2a cos 0 


1 — 2a cos ^ + a* 

__1 2 — g (e^ + e~^) 

1 — a H- e“^) -f a* 

= _ 1 -f 2 — a + e~^) 

(T- ae^; (1 - ae-®0 


= -l + 


1 1 
+ 


1 — ae^ 1 — ae~^ 


= -1 + (1 - ae®0“' + (1 - ae-^0“’ 

= “ 1 H-1 + ae^* + aV<^ +. 

+ 1 + 06“^ + + a*e“^^ +. 

= 1 + a (e^ + e-^) + a* + e“^) +. 

= 1 + 2a cos 6 + 2a® cos 26 H- 2a* cos 3^ -1-... ad inf. 

The expansions of (1 — ae^)~^ and (1 — ae-^^)-^ by the 
Binomial Theorem are legitimate if the modulus of ae^‘ be 
less than unity, i.e. if a be numerically < 1, but not 
otherwise. (Art. 26.) 

The above series is the one assumed in Art. 49. 

Similarly we can deduce the series of Art. 48. For 
we have 

2a sin ^ _ 1 a — er^^) 

1 - 2a cos ^ + a® ~ i 1 — a + e~^^) + a® 

^ 1_ ae^ - ae-^ _ 1 r__l_ 1_ 1 

i (1 — ae®*) (1 — ae“®*) i |_1 — 1 — 

= i ((1 4-ae®' + a®e®^ +...) — (1 + ae~^ + + •• •)} 


= 2a sin 0 H- 2a® sin 26 + 2a® sin 3^ +.ad inf 

As before this expansion is legitimate only if a < 1. 
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Mi 2. Er. If sin x~n sin (a + expand x in a 
series of ascending powers of n^ where n is less than unity. 

Since 

sin a: = n sin (a + ic) = n (sin a cos ir + cos a sin x). 


• • 


tan X = 




nsin a 
\—n cos a ’ 


m sin a 




an 


e** + e~^^ 1 — n cos a * 

1 — n cos a + ni sin a 1 — ne““* 


1 — n cos a — ni sin a 1 — /le®* * 


2oci = log (1 — — log (1 — ne^^) 

= - ner^^ - 1 - 1 - 

+ +1 + 1 


= n (e®< - 1 n» — e-^^) 

+1 n» - e-*®*-).ad inf. 

= n . 2t3ma + 2 ^* • 2a + 2isin 3a + ... 

= 71 sin a + i n» sin 2a + 1 71 * sin 3a +.(1). 

In this equation we have assumed x to lie between 
— ^ and + 2 ' it do not, then, instead of 2ad, we should 

read 2kTri-^ 2xi ; the left band of equation (1) would then 
be a; -f- kir, and we must choose k so that x-hkir shall lie 

between - ^ and + ^. 

As before the expansions are legitimate if 71 be < unity. 

U T, II. Q 
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113. Ex. Eocpand cos bx in a sernes of ascending 
powers of x. 

We have 


e®* cos bx = . 


.bxi 




— gia+fri)* ^ g(o—fcij* 

2 2 


I_ 

. ]• 


= I [l + (a + bi) . + .■ 

+ I [l + (a- 6i) * + +. 

The coefficient of x^ 

(a + bi)^ H- (a — bi)^ 

” 2“|n ' 

If a 4- (cos a + { sin a), so that 

r = + Va* H- 6* and tan a = - , 

a 

with the convention of Art. 20, then the coefficient of x^ 

_ {r (cos a-\-i sin a))” 4- jr (cos a — ^ sin a)j" 

2 In 




cos na 


by De Moivre's Theorem. 

Hence we have 

, , r* cos 2a , r* cos 3a . , 

e®® cos bx=l + r cos a. a; 4--jg— ^ H-j-g— ^ +. . 

where 

r = + Vo* + 6® and tan a = -. 

This expansion is legitimate for all values of a, h, and 

X. (Art. 57.) 




EXPANSIONa 
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EXAMPLES. XIX. 


Expand In an infinite series 

. 1 + acoB^ 

* i + 2a cos a** 

Q sin ^ - a sin (g - 0) 

1 - 2a COB ^ 

5. c**® sin b$. 

Prove that 


2 . 



- a cos ($ - <f>) 
1 — 2a cos <p + a'^ 


4. «®‘^^cos(d + a6in0). 


6. log 


a’cos> + 6« ^ ® -18'“’+1 c* Bin* 3e -... J , 


where 


e= 


a~b 
a + l' 


- . , a sin 9 1 1 

r-acos^'^" sin d + 2 a^ sin 2^ + - a^sin30 +.ad inf. 

8 . 2 (sin a tan 2p )=gin a tan i3+^ sin 3a tan* j8 

+ gsin 5a tan»/9+.ad inf. 

9. If sin 0=xcos (0+a), expand 0 in a series of ascending powers 
of 

10s Expand y in terms of cos where 


2 tan y=sin a: ooseo cosec . 

2 2 

1 —n 


11. If tan*=ntany, and 7n==-^, prove that 

i+n 


*+r,r=y-m8m2y + ^‘8m4y-^sin 6y +. ad inf., ■ 

where r is to be so chosen that x+rx-y lies between -- and +- . 

2 2 

12. What does the series of the preceding question become when 
(1) nscos a, and (2) n= 


cos 2a 


13. Expand logoofl(? + dj i„ , series of sines and cosines of 
ascending multiples of 6, 
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* iv i . [Exs, XlX«j 

14. Expand log tan ^ ^ Q in a series of sines of ascending multiples 
of 0, 

15. Prove that 

(1 + tan a) (1 + tan a) (1 + e®* cot a) (1 + oot o) 

= 4(seo/3+oo8^)*, 


where 


^=2-,2a. 


Hence expand log(l + coB^cos^) in a series of cosines of moltiples 
of e, 

16. Prove that 

2a cos $ „ « vx « . 

l~2a sing + a^ =2a cos ^ + 2a'^ sm 2$ - 2a* cos 30 - 2a* sin +.ad ini 

17. Prove that 

log COB = - log 2+008 2^-1 co8 40 + icos6^-.«.,. ad inf., 

if ^ be an angle whose cosine is positive. 

18. In any triangle where a>b, prove that 

b lb* lb* 

logc=loga--oo8<7-;r —„COS2C-^COS3(7-.ad inf. 

a 2 a* 3 o* 

have c*=a*+b*-2ab cos C'=a* ”a ^ 

19. Prove that tlje coefficient of x" in the expansion of 

8 ii+^ + <** sin ax 

in powers of x is 


2(a* + b*)3' . nr 

- — sm cos 

n 4 


5 - 2 tan-i g. 


20 . 


u/ 


Prove tha^ the coefficient of c" in the expansion of 

log {a* + b* + c* - 3abc) 

^ 1 r{ —1)"”^ 2cosn^ 

"1 


>s nd 1 

n • 

.2-ab)*J 


where 


tan 0 ———7 V®* 
a+6^ 


/ 


/ 


4 






CHAPTER IX. 



i 


> 

¥ 


RESOLUTION INTO FACTORS. INFINITE PRODUCTS FOR 

SIN 0 AND COS 0. 

114 We know from Algebra that, if P be any 
expression containing x and if the value x = a would 
make P vanish, then x — a is a factor of P. 

Hence to find the factors of any expression P we first 
solve the equation P = 0. Also if P be of the nth degree 
we know that there are onl}’ n solutions of the equation 

^ the roots thus found are a, y,. /c, we know 

that x — a,x — ^, . x — /c are factors of the expression P 

and that there are no other factors which contain x. 

We shall apply this method in the following articles. 

( 115* Po vesolvB into factors the expression 

— %x^ cos nO + 1,^ 

We have first to solve the equation a 

cc^ — 2«" cos n^ -f 1 =0, 
i.e. cos nd -f- cos’ n6=~ sin’ nO 

t ^ r ^ 

so that a:” - cos n0 = ± sin n0, 

and therefore 

_ 1 ' } 

tc = [cos i V-1 sin nOf. h ' c /,, 
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4 

As in Art. 24 the values of this expression are the 2n 

) ^ ■ 


quantities 


, • / 





■) 'V ^ 

3 ^ ±isin 0, cos+ { sin ^0 + , 

47r\ 


n / 


I 


^ ^. 

■ cos 4-± sin {^ + . 

Taking the first pair of these quantities we have the 
corresponding factors 

X — cos 6 — i sin 6 and x — cos ^ ^ sin 0, 

or, in one factor, 

(x — cos Oy 4 - sin* 6, 


ie. the quadratic factor 

ic* — 2ir cos ^ + 1. 

Similarly the second, third, ... pairs of the above 
quantities give as factors respectively 

a^ — 2x cos 4-1, 

< 

— 2x cos 4- 4-1, 







and 


— 2x cos - 


0 + 


n 


4-1 


Also on multiplying together these n factors we see 
that the coefficient of in their product is unity, which 
is also the coefficient of in the original e:^ression. No 
other numerical factor is therefore required. 




FACTORS OF COS nO 4-1. 
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Hence 

x®“ — 2 x“ cos n 0 + 1 


= {x® — 2 x cos 0 + 1 } |x® — 2 x cos “ 


“'Ui 


y 


% 

\ 


\ 




COS 




+ 1 


% 

\ 


...|x®- 2 xcos ^0+ —+ l| ...( 1 ). 


By dividing by a;” we have-*' 


X^ + —- — 2 CO37l0=: \ 

/wsTh i 


X 




a? 4-2 cos 6 

X 


a; + - — 2cos -f ' 
X \ n J 


• • ♦ 


L+--2cosf(9 + — ^ 
[a? \ n 


TT 


( 2 ). 


The relation (2) may be written 


X r=w—1 

a;" + — —2 cos = H - 

r«0 


a?' 

r*»n-l 


2?-7r\') 


X -\ -2 cos (6 ^ - 

X \ n 



where H^ stands for the product for all integral values 

of r from r = 0tor = n—1 of the expression following it. 
Similarly we may shew that , 

— 2a"iC" cos nO + a®” 

= {a;^— 2aa;cos^ + a*} |a^— 2aa: cos ^0 + —^ 4 -a^ 

J=-2aa;cos + |ir»- 2axcos(e + 


2 ?i—2 


TT J+a® 




(3). 


116. The proposition of the last article 
induction. 


may also be proved by 
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We shall first shew that x" + — — 2 cos na is divisiblp by 


X H - 2 cos o. 

X 

Let x” + i-2 cos na be denoted by ^ (n), and x+^ -2 cos a by X, so 

X X 

that we have to shew that <f> (n) is divisible by X, for all positive integral 
values of n. 

Assume that this is true for ^ (n - 1) and <pin- 2). 

We have then, by ordinary multiplication, ■ • ' 

; ), 

(® + i) X0(n-1)= 1^ + ^}- I*""'+ ^- 2 cos (n - 1) a| 

= (*” + + + - 2 cos (n - 1) o X + 




2 cos na 


4- + ^ “ 2) “2 cos (n -1) a |x+^- 2cosa| , 


Since 


Hence 


2 cos na + 2 cos (n - 2) a = 4 cos a cos (n - 1) a. 

^x + ^^ X 0 (n- 1) = 0 (n) + ^ (n - 2) -2\ cos (n- l)a. 

•. 0(n) = ^x + i^ 0 {n- 1) (n-2) + 2X cos (n- 1) a .. 


( 1 ) 


Now 


0 ( 1 ) = xH-2 cos tt=X, 

X 


and ^ ( 2 ) = x^ + ^-2 cos 2 a= ^x + ^- 2 cosa^ ^x + i + 2 cos 

= X + ^ ^ * 

so that 4> (1) and 0 ( 2 ) are divisible by X. 

Hence, putting n=3 in (1), we see that <f> (3) is divisible by X. 

Similarly putting, in (1), n=4, 5, C. in succession we see that, 

by induction, <p (n) is divisible by X for all values of n. 

x^ + — -2 cos na is divisible by x 4 - - - 2 cos o. 

3?" X 
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Again 


x" + 4--2 cos na = x" + -- - 2 cob 


and is similarly divisible by 


( 27r 

n ( a+ — 

\ « 




* + ^-2oob (a + ^^). 


Proceeding in this way we can shew that it is divisible by 

(“ + ^).* + i-2coa + 

and hence obtain equation (2) of Art. 116. 


* +-2 COB 

X 


' < 

/' f 


117. De Moivre's Property of the Circle. - 

A geometrical meaning may be given to the equation 
(3) of Art. 115. 

Let A BCD ... be the angular 
points of a polygon of n sides 
which is inscribed in a circle of 
radius a, so that, 0 being the 
centre, we have 

^ AOB= A BOC= ^COD=...J^. 

n 

Let P be a point within, or 
without, the circle such that 

OP = X, and z POA = 6. 

Then 



27r 


47r 


I 


ZP05 = 6 »+—, /.P0G=9 + 

^ n 

and we have 

PA^ = OP. + - 20P . OA cos POA 

= 2ax cos ^ + a*, 

PB>=OP^+OB^-20P . OB cos POB 

= a?-'iaxcoa + ~'j + a\ 

PG* = cd‘-2ax COS 
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Hence PA ^. PB -. PG ^... to n factors 


— \a^ — ^ax 00 ^ 6 -\-— 2cur cos ( ^-f 



n ) J 


(P 


47r\ 


2ax cos -f j 


» ... to n factors 


I = — 2a” cos nO + a'"*. 

118. Cotes^ Property of the Circle. 

In the preceding article let the point P lie on OAy i.e. 
let it be on the line joining the 
centre to one of the angular points 
of the polygon. 

In this case ^ = 0, and we have 
PA‘^. PB^. PG ^... to n factors 
= £*;«»- 2a”a;” + 

= (ic” - a^)\ 

PA . PB . PG ... to n factors 
= ic” — a” or else a” — a:”. 

The first of these values must be taken when P is 
outside the circle, on OA produced, so that x > a. 

The second must be taken when P is within the 
circle. 

We therefore have 

PA . PB. PG . PD ... to w factors = a?” a”,. .(1). 

Again let a, 7, 5 ... be the middle points of the arcs 
AB, BG, CD ,... so that AaB^Gy ... is a polygon of 2n 
sides inscribed in the circle. 

By (1) we have 

PA . Pa .PB . P/3. PG.Py ... to 2n factors = a^*^a^ 

.( 2 ). 





Dividing (1) by (2), we get 

Pa. P/8, Py ... to 71 factors = x'^-^ a”.(3). 
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The equation (3) may also be deduced directly from equation (3) of 


TT 


Art. 115 by putting . We then have 

n 


2axcoa ^ + ^x*-2axoos “+ <2^^ 

. to n factors = - 2a”x" coa v + a-" 

= x^" + 2a"x" + = (x** -h a'*)^, 

*.«. Po^. . Py^ .to n factors = (x" + a")®. 

This i^^^tion (3). 

resolve into factors the expression x^ — 1. 
We have first to solve the equation 

- 1 = 0 , 

a;" = 1 = cos 2r7r + { sin 2r7r, 
where r is any integer, 

1 

so that X = [cos 2r7r + ^ sin 2 r 7 r]” .(1). 

First, let n he even. 

As in Art. 24 the values of the expression (1) are 
cos0±isin0, cos—+isin—, cos —+tsm — 


n 


n 


n 


n 


2 ... 71 ■“ 2 tztt . titt 

•••COS-TT + t sin- TT, cos — + t sin — 

n n ^ n 


n 


But 


cosO ±ism0® = l, 


and 


nir , . , TiTT 
cos — + t sin — = — 1. 
71 n 


1. 


k * 


Hence in this case the roots are the n quantities 

I 1 27r • . 27r 47r 47r 

i 1, cos — + t sin —, cos-h i sin — 


n n n 

n-2 . . n- 2 

• •. cos -TT + l Sin-TT. 


71 


71 


71 
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The factors corresponding to the first of these pairs are 
cc — I and a; + 1, i.e, the quadratic factor c^—1. 

Those corresponding to the second pair are 

27r , . 27r , 27r . . 27r 

w — cos- % sin — and w — cos- \-i sm — . 

n n n n * 

i.e. the quadratic factor 

— cos — + 1. 

n 

71- 

Hence we get ^ pairs of quadratic factors. 

When multiplied together they give the correct 
coefficient for a:’*, so that no numerical quantity need be 
prefixed to their product. 

Hence, finally, when n is even, 


a;™ — 1 = — 1) _ 


2 a: cos — + 1 j ^a;’* — 


n 


r, 47r - 

2 a: cos-hi 


n 


««• f a:^ — 2a: cos -—^ tt + 1 ^ 


n 


( 2 ). 


Secondly, let n he odd. 

As in Art. 24 the values of the expression (1) 
are now 

27r . . 27r 47r . . 47r 


cos 0 + i sin 0, cos + i sin 

w "■ n 


cos — ± i sin 


n 


n 


• • • 


n —3 , , , n —3 n —1 . . n—1 

• cos -TT ± ^ sm -TT, cos - TT + t Sin- TT. 


n ~ n ' n ~ n 

The first pair reduces to the single root +1. i. 
Taking the other pairs together, as before, we obtain, 
when n is odd. 


wiieu la uua, 

a:” — 1 = (a: — 1) |a:* — 2a: cos 

• • • "^a:* ” 


n 




« n —1 
2 a: cos-7r+1 

n 


(3). 
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Hence we have 


r=^l 


a"-l=(a;»-l) U 

r»l 

when n is even, and 

n-l 


5 a 2r7r 

ar — 2a? cos-f- 1 


n 



- 

a?«-l=:(a?-l) n f^-2a?cos —+ l'). 

when n is odd. 

These formulae can also be deduced from the funda¬ 
mental o^ of Art. 115 by putting n^= 27r. 




Ml20 

We must solve the equation ^ 

a?" + 1 = 0, 

x£. a?" = - 1 = cos (2r7r + tt) ± i sin (2r7r + tt), 

where r is any integer, 

so that a? = {cos (2r7r + tt) + t sin ( 2 r 7 r + tt)}^ 

+ TT . . 2r7r + TT 

= cos-i I sm- 




( 1 ). 


n n 

First, let n he even. 

Afl in Art. 24, the values of the expression (1) are 

n - n 

The factors corresponding to the first of these pairs are 

« - cos - - i sin - and a; - cos - + i sin - 
^ n n n* 


*.e. the quadratic factor 


a?“ — 2a? cos — +1. 

n 
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The quadratic factor corresponding to the second 
pair is 

•' n 3’// _ 

^r— zx cos — + 1 , 

n 

and so on. 

Hence, as in the last article, when n is even, we have 

Stt 


ic” + 1 = (x^ ~ 2x cos ^ + 1 j - 2x cos ^ -f 1 j . 

... — 2;c cos 

Secondly, let n be odd. 

The values of the expression (1) are in this case 


• • 


TT . . TT StT . . StT 

COS - + t sm - , cos — ± i sin — ,... 
n n n n ' 


COS 


(n — 2) TT . — 2) TT 

-^ i sin ^— 


n 


n 


nir , . UTT 
f cos — +1 sin — 


n 


n 


The last pair of roots reduces to the single root — 1, so 
that fc + 1 is one of the required factors. 

The quadratic factors corresponding to the successive 
pairs of roots are 

2^7 008-+ 1, a;*—2xcos —+ 1, 
n n 

. n —2 , 

X^—^X cos- TT -f 1. 

n 

Hence finally, when n is odd, we have 


fl?** + 1 = -H l){a^ ~ 2x cos 


... — 2x cos ^ + ij • 


2 a7 cos “ +1^ .. 


n 


EXAMPLES. 


14 ^ 


We have then 


+1 = 


when n is even, and 


n-2 

= n (a^- 

r«o \ 


o 2r+l 
2a? cos-TT +1 


n 


). 


n-S 

2 


+ 1 = (a: + 1) 11 ^a?* — 2a? cos 
when n is odd. 


2r + l 

-TT +1 


n 



These formulae can be deduced from the fundamental 
one of Art. 115 by putting n6=^ tt. ^ 

Bx. 1 . as a product of n factors the quantities -A 

j ^0* “ cos nd and cosh n<f> — cos n$. 

In equation (2) of Art. 115 put x^e^^\ so that x~^=e-^\ and hence 

a: + ar-i=«'^» + «-**=2 cos 0, 




and 


We then haye 


***+=2 


cos nip. 


2oosn^-2co8ne=(2co3^-2oos fi) ||2oos^- 2 cos + 

^2 oos ^ - 2 cos J.to n factors, 

tfc eo 8 n^-oosne= 2 -i{cos 0 -ooafl} |cos 0 - cos + __ 


{ 


cos 0 - COB ( $ + 


= ^ |co8 0- cos + 


Similarly by putting x=e^ we have 
oofihn0»cos nO 


= 2"~1 [cOBh 0 - COB d] [^cosh 0 - oos \ J... _ 

j^cosh ^ - cos (e + ?!Li2 J. 





144 


TRIGONOMETRY. 



/ 

- 2 . Ifnbe even, prove that 

r 

. 27r . 47 r Gtt . n — 2 

2 * stn-jr- 77 -. $tnv=Jn, 

2n 2 n 2 n 2 n ^ 

- / 

In equation (2) of Art. 119 put n equ^ to nnity.y^ 

\ 

mi «"-! + ......+ X + 1 

Then, since -, 

~ 1 ti 

therefore, when x is unity, —=—~ = 5 . 

Hence we have 

? = (2 - 2 cos (2 - 2 cos .( 2-2 cos ^ ,r). 

, nj-9 2T..,4T ..-«'-2 

t,e, n=2.4 sm^ ^r- . 4 Bin* —.4 Bin* ir, 

2n 2 n 2 n 

there being ? -1 factors, 

A 

r on -1 . « 27r . „ 4 t . , n - 2 

I =2" Bin*—Bin*—.sin*—r— tt. 

271 271 2 n 

TT . / e!^ . 2ir . 4 t . n-2 

Hence ±^n=2 ^ Bin 77 - am —.Bin -r — tt. 

^ 271 2/1 271 


»> 


( 1 ) 


TT is less than a 
2n 

that each of the sines on the right-hand side of (1) ie positive. 

On the left-hand side we therefore replace the ambiguity by the 
positive sign and have the required result. 

i ^ 

y 


right angle, so 


Each of the angles ^^ 


I- 

EXAMPLES. 3X>- 


Factorize the following 

quantities. 


1 


1, x® + 2x®co3l20°-Hl. 

2. 

X® - 2x^ cos 60°-!' 1* 

J 


'3. - 2x® cos ^ +1. 

- 4. 

x“-f-x® + l* 



5, 4x^ + 1. 

-»‘6. 

x«-l. 

. 7. 


8. 

• 9. 

x9 + l. 

• 10. 

-1. 

11. X»4-l. 

.12. 

xi*-!. 


* 
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14. If n be even, prove that 

^ Q . 3^r • 

2 * sin — sin — sin — 
2n 2n 2n 


. n - 1 

sin TT = 1 
2n 


0 2 »• 3ir 

= 2 ^ cos cos ~ 
2 n 2 n 


71-1 

cos TT. 

2/1 


^5. If n be odd, prove that 


n—1 

A 0 * 

277 . 

4ir 

A 

n — 1 

2 * sm 

and that 


2n 

...sin 

2 /r 

u'' ^ 

77 

3t 


n- 2 

^2 * Bin 

s-sm 

2n 

2n 

... sm 

271 


n—1 


.Stt 


TI - 2 


, •> TT OTT 71 — Z 

7 r=v'n = 2 cos — coscos - . tt, 

2fi 2/1 * 


2/2 


n—l 


, rt o Stt 4-77 n -1 

t = 1 = 2 '* cos —cos —... cos tt. 

2/t 2/1 2/1 




/t/» 


16. Prove that sin - sin — 

n n 


17, If n be odd, prove that 


* »■. 277^ 3ir 

tan - tan — tan — 
n n n 

18. Shew that oos n$ 


. n-1 n 

sin - 77= r-r. 

n 2'*-^ 


tan 




n 




h A 




Prove that 


cos $ — cos 


(cos e - cos . (cos e - cos 77 


2nJ 


2/1 


)■ 


19. sin n 4 > = 2 "~i sin <p sin (^ + .sin (0 + ^ ttJ 

= 2 "'i sin f 0 + — V 

\ n J, 

[Put a: = l, and 0 = 2<p, in tJie equation of Art. 115.] 

20 . COB 2-1 sin (0 + Bin (0 + I).Bin 4 ‘ .] 

{Change 0 into ^ + ^ in the formula of the preceding question.] 


21. 2**“i cos 0 008 (0 + COB (0 +—^ 


cos 




n 


=(-!)* sin 710, when n is even, 

and = (- 1 ) 2 (JOS n 0 , when n is odd. 

r* 


^hange 0 into 0+^ in the result of Ex. 19.J 

ITt. n. 


10 
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[Ezs. XX.] 


23. 2**-i Bin 


ir 

Stt 

Stt 

2n-l 


2« 

2„ 

COR — ... 
2n 

...cos —r- 

2n 

7r = cos 

T 

Stt 

. 57r 

. 2/1-1 


2u 

sin — 
2n 

^ - 

... sin ~— 
2n 

TTSsl. 


~2* 


X 


njt *■ 2ir {2« -1) IT 

24. COS - COS — ...... cos ^- - = - - - —-I. 

71 n n 


25. Prove that 

.yn _ Pf)3 jjff 

COS nff + a-^ 


1 r=n~-l 
—— Z 
r=0 


- rt COR ^ 


e+ 


2r7r\ 
n ) 


X- - 2ax cos ( 6 + + a? 


[In (3) of Art. 116 change x into x + /j, expand and egnate coefficients 
ofh. Or take logarithms and di^erentiate with respect tox.] 

20|/'^44re"cir^nif^renc6 /f a circle of radius r is divided into 2n equal 

parts at points Pl> ^2* . ^2 ni if chords be drawn &om to the other 

points, prove that 

PjPg. PjPg.=r"" V«* 

Also, if O be the middle point of the arc prove that 

OPi.OPj. 

27. -^ 1^2 .•^ 2 n+i ® regular polygon of 2n + l sides, inscribed 

in a circle of radius a, and be a diameter, prove that 

0 ^1.0-lj.0^„=a". 

28. . An is a regular polygon of n sides. From O the centre 

of the polygon a line is drawn meeting the incircle in P^ and the oircum> 
circle in Pj. 

Prove that the product of the perpendiculars on the sides drawn from 
Pj is to the product of the perpendiculars from P^ as 

cos** - cot* — to 
n 2 

0 being the angle between OPPj and OA^ 

29. ABCD .is a regular polygon, of n sides, whi^'h is inscribed in 

a circle of radius a and centre O ; prove that 

PA ^. PP*. P(P .= r*" - 2a»*r" cos nS + a*», 

where OP is r and the angle POA is d. 

Prove also that the sum of the angles that APy BPy CPy . make 

with OA, OB. oa, .produced is tap-^ . 
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Resolution of sin 6 and cos 6 into factors. 


'^122. To express sin 6 as a product of an infinite series 
of factors. 

We have 


sin = 2 sin - cos ^ 

2 2 


n • d . (TT 6\ 

0 IT 0 ^ 

Similarly in (1) changing 6 into ^ and ^ ^ success 

^ z ^ 

sively, we have 

sin I = 2 sin i sin + |) = 2 sin | sin . 

and sin (J + |) = 2 sin (g + |) • sin (| + g + |) 


(? + !)•«“ 


Stt ^ 


Substituting these values in the right-hand side of (1) 
we have, after rearranging, 

03 • ^ • '”’+^ • 27r+^ . Btt+O 

Bin £/= 2 » sm ^ smsm —^ sm ^^-...(2). 

Applying once more the formula (1) to each of the 
terms on the right hand of (2) and arranging, we have 

air> /?—07 civ, ^ + 277+0 . 377+0 . 477 +0 

8intf-2 sin ^ sinsm sin —^ sin— — 


(3). 


577 + 0 . 677+0 . 777 + 0 

Sin ^ 3 - - 

Continuing this process we have finally 

Bin 0 = sin - sin sin sin (P^hL+^ 

P P P 


P 


where ^ is a power of 2. 


(4), 


10 ^2 
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The last factor in (4) 


= sin j^TT — 


TT-ei . 
- = sm 

P J 


TT 


-0 


P 


The last factor but one 


(jo — 2) TT + ^ 


= sin j^TT — 


27r — 0 


'1 . 27r — ^ 

J = -“F-' 


P L P 

and so on. 

Hence, taking together the second and last factors, 
the third and next to last, and so on, the equation (4) 
becomes 

* a oo-i • ^ f * . TT—O] ( . 27r-{-6 . 2^—6 

sm0 = 2^^^sin-4sin-sm-Msm- — sm- 

Pi P P ) i P P 


The last factor is 


(5). 


sm 


p 


which 


Hence (5) is 




• n On-i • ^ r ■ a • 9 ^"1 r • a * a 

Sin 6 = 2^^ sm - sm^-sm^- sin^-ein^" ••• 

PIP pjl p PJ 


sin* . 

P 


6 


— sm** — 


P 


0 

. cos - 
p 


( 6 ). 


. 0 


Divide both sides of (6) by siii - and make 0 zero. 


Since 




0 ■ 

sin 0 


sin 0 p 



p-r ■—? 

sm- 


sm - 

PJ 

e=o 

L PJ 


P 


$=o 
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we have 


TT 


p = 2^“', sin^— . sin 

P P 


2'rr . -Stt 


sin 


P 


... sin 




TT 


P 


...(7). 


Dividing (6) by (7), we have 


e 


sin d^p sin - 

P 


r • 


r • a<91 


r • ,<91 

sin® “ 


sm® - 


sin® - 

1 p 


1 p 

1 

1 p 



- a^TT 


. , 37 r 

• a 

sm® — 


sm® — 


sm® — 

L pj 


L p j 


L p A 

r 

. . 0 

1 





1 - 


sin* - 
P 


TT 


sin^ (s ~ 1 

2 /pj 


e 

cos - 

p 


( 8 ). 


Now make p indefinitely great. 
Since 


r • 

p sin - 

L PA 


pnoo 


. e 

sm - 



e 

p 


.0 


= e (Art. 228, Part I.), 


P^QO 


r • 


r • a<9 

TT* 

sin* - 


sm* - 


p 


P 

p» 

■ a ^ 



. _ TT 77*® 

sin* -* 



sin® — 

L PA 

psoo 

L P* 

P J 


= (Art. 228, Part I.), 


and so on, we have 


sin 


This theorem may be written in the form 


Bin^ = ^ n (l ~ 

r-i \ 


0^ 


r*7r“) ' 



K)l ^ 
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'^123. To express cos 6 as a product of an i 
of factors. 

In equation (4) of Art. 122 write for 6 i 

4* 6f and the equation becomes 

. - 7r-f2(9 . 37r-f2^ . 57r + 2(9 

cos V = 2^^ sm —— sm —=— sm - 


2p 


2p 


2p 


• • • 


The last factor 


. {2p - 1) TT20 

6in f - 

2n 


(1). 


= sin I^TT — 
one 

■ [' 

= sin 


TT— 20 ~\ 

2^1 


the last but one 

(2« - 3) TT + 2i91 . 37r-2^ 

_ 2p 

and so on. 

Hence taking the factors in pairs, as before, we have 




cos^=:i^M sm—— sm 


2n 


= sin^ ^ — 

L 


sin 


2p J 
. 20 
2p} 


. 37r+2^ . 37r-2i9 


sm 


2n 


sm 


2p 



BUI 


Stt 


»'"■ -sm* 


2p 


26 

2p 




In (2) make 0 zero and we have 

TT 


^ m • o • #* 3'W • — O'/f 

1 = 2^^^, sm* — . sin* . sin* ^ 

2« 2p 2p 


(3). 


Dividing (2) by (3), we have 


cos 0 — 


sm- 


1 - 


2n 


sm' 


TT 


mi 


sm 


1 - 


2p 


sin 


Stt 

2 pJ 


Sin 


1 - 


20 

2p 


sin 


Stt 


1 - 


• .26> 
sm* ^ 


• « (P” 1)*”^ 
sm* ^- — 


2p 


(4). 






cos 6 IN FAcrroiis. 


15J 


In (4) make p infinite; then, as in the last article, we 
have 


cos 


0 


r, r 

• 

1 

- 40^1 


/ - 1 





ad inf. 


This theorem may be written in the form 


r=« I" 

sin 26 


Since cos 6 = , the product of cos 6 may bo 

2 sin ^ ^ 

derived from the products for sin 26 and sin 6. 

124, The equation (4) of Ait. 12*2 may, by means of Art. 115, be 
shewn to be true for all integral values of p. For we have 
x 2 P _ 2xP cos p<f> +1 

= {x^ - 2x cos ^ + 1} - 2x cos ^0 + + ij- 

|x^ - 2xcos ^0 + +1|.to p factors. 

Put x=l, and we have 

2(1 - cosp0)= {2 —2 cos 0} |2 - 2 cos ^0 + . P factors. 


i.e. 4 sin* 4 sin* ^ . 4 sin* ^ - 

£ i 


^ p) ^ ^ factors. 


Put and extract the square root of both sides. We have then 


. * /» n*>-.i • ^ + ^ 2-jr + ^ 

+ Bin ^ =s > Bin - . Bin-.sin - 

p V p 


. (p-l)7r + ^ 

Bin - - -....(1). 


If Q lie between 0 and x all the factors on the right-hand side of (1) 
are positive and so also is sin Q, Hence the ambiguity should be 
replaced by the positive sign. 

If B lie between x and 2x, all the factors on the right-hand side are 
positive except the last, which is negative. 

Hence the product is negative and so also is sin By so that in this ca.se 
also the positive sign is to be taken. 

Similarly in any other case it may be shewn that the positive sign 
must be taken, and we have, for all integral values of p, 

(p-l)x-f 0 


sin^=2P-isin -. sin sin 

p p p 


sm 
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125. Sink 6 and cosh 0 in products. 
By Art. 68 we have 



sinh ^ ^ sin {6i) and cosh 0 — cos {6i), 

Also the series of Arts. 122 and 123, being formed on 
the Addition Theorem are, by Art. 64, true when for 0 
we read 6i, 



and cosh 0 = 




The products (1) and (2) are convergent. For we know (0. Smith’s 
AhjchrUy Art. 337) that the infinite product II{l+u,J is convergent if the 
series 2?/,^ be couvergent. 

In the case of (1), 

Ill \ 

1 + 22 + 32 + 42 +-)• 


and the latter series is known to be convergent. 


/ 


''^126. Sums of powers of "the reciprocals of all 
natural numbers. 



From the results of Arts. 122 and 123 we can deduce 
the sums of some interesting series. 

From Arts. 122 and 33 we have 


('- 3 ( 


6^ 


2^7r' 



_ ®iii ^ 


ad inf. 


|3 + L5 


't’ ad inf 






OF NEGATIVE POWERS OF INTEGERS. 

Taking the logarithms of both sides, we have 


163 


log (l - ^) + log (l - ^) + log (l - 3 .^,) + 


= log - 


^ e* 

6 ■*'120 


( 1 ) 


Now, by Art. 8 , we have 


iog(: 
log - 



' 0 ^ 10 * 1 


7r®~^27r*'^3 7r’'"^'** 




2 V 


^ 1 e* 16 '® 

2 V '*■ 2 2 V‘ 3 2*^® 


80 that ( 1 ) gives 


7r» [l* 2« 3* ■" J 2 TT* [l® 2* ••• J 


fl I I 

Stt* 1« 2®'*■ 3® 



^ 0* 




120 




_ (0^ ^ \ 1 fO^ 0* V 

U 120 ■^"V 2U 120'^--J ~ 


• • • 


6 . I120 2*36 


6 ”180 


( 2 ) 


Since equation ( 2 ) is true for all values of 6 the 
coefficients of 6^ on both sides must be the same, and 
similarly those of 6*, and so on. 
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Hence we have 


1/1 1 1 1 

^2 + ^ + ad mf. j = -- 

9 ^ fTi ^ ^ ^ ...ad inf.^ = - 


1 

6 ' 
1 


180' 


Hence 


1 

2 


1 2 02 d" 


1 


and 


11 1 
1* 2* ■*" 3* 


ad inf, = 


ad inf. = 


77^ 

J 

7r* 


( 3 ) , 

( 4 ) . 


127. By proceeding in a similar manner with the 
result of Art. 123 we have 

/j _ 4f 




5‘W •" 


80 that 


„ , 6^0* 

= cos^ = l-|2+^-., 




4>e^ 

5V, 


+ 


...=log|^l- 


2 ■*'24 


... J . 


Hence as before 


- 46^/2 A 4 _ 1 _ i _ ^-1 /^1 2 1 ^ 

'12 + 32 + 52 +--j 2 tt* 


TT 


V 


-(j-S-'O-il-B-")’-” 


"" 2 24 "*■ 


1 \ _ 

” 2 12 
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Hence, equating coefficients of ^ and 6*, we have 

_±(l 1 J. 

__8 /J. 11 N 1 

j ” 12' 


and hence 


1 

3=* 


♦*^0 + t; + ... 


1 

5* 


TT- 


8 


(IX 


and 


c\ 


Ill 

1* 3* 5* 


« • 


TT* 

96 


\i 

WallU* Formula, 




- V" 






In the expression of Art. 122 put ^ = 2 * have 


Tf 4 

« 

-!b> 


( 2 ) 



_t 1.3 3.6 6.7 (2n-3)(2n-l) (2n^l)(2n + l) 

2 '^ * 4a • ( 2 n - 2 )> •-(2;ip-» 

where n ia Infinite, 

2 l*.3*.ff>.7».(2n-l)*.(2n + l) 

- 2^4 ^ . 6».(2«)« -• 

i, 2.4.6 .2n /VZ T 

0.6 .(2n-l) = V 2 ^ 

It follows that when n is very great (but not necessarily infinite) then 

2.4.6.2n nr. T 

1.3.6 .(2n-l) = V 2 

s=s/nir, ultimately. 

This is caUed Wallia* Formula, and gives in a simple form a very near 

approach to the product of the first n even numbers divided by the first n 
odd numbers when n is very great. 
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129. 


. Prove that 


tan d 


r~ ^ _I_ 1 , 1 *] 

Ljt* - 402 + - 402 + +.J • 


From Art. 123 we have 

log COB « = log (l - + log (l _ g) +log ^ .( 1 ,. 

In this equation snbstituting 0 +A for 0 we have 

log cos (e + A)=log [l -1 (9 + A)»] + log [l -~(e + A)>] +_(2). 

Kow log coa (0 + A) = log [ooa 0 (cos A - tan 0 sin A)] 

=logCOB » + log [l - --_ tan 9 .(Art. 33) 

=log COB 0 + log [1 — A tan 0 + higher powers of A] 

=log cos 0 - A tan 0 + powers of A. (Art. 8.) 

Also log [l -1 (« + A)’]=log + log [l - +.1 


and 


. r, 402-1 80A 

=log!_! - -;^J - ^a_ 4 ga +powers of A, 

1°8 [l - it-> {« + *)»] 

® L ~ ' ^" ^2 _ 4 g 2 + powers of A 


Substituting these values in (2) and equating on each side the ooeffi 
oients of - A we have 

tan0=-?^+ 8 ^ , 8 ^ . .o, 

r* - 402 ^ 32ir2- 402 ^ - 402 w; 


= S 


80 


^ (2r + l)2,r2-402* 
The series (3) may also be written 

tanff= 2 2 2 2 


4* ... .M 


ir-20 ir + 20 3ir-20"3r + 20 

[The student who is acquainted with the Differential Calculus will 
observe that equation (3) is obtained by di^erentiating (1) with respect 
to 0,] 
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V^30. Ex. Prove that 

coeh 2o - cos 20 ') 

D + {^eT\ (airTe)^ + (2/- 0)^."/■ 

tDhere r is zero or any positive or any negative integer. 

We have 

|| cosh 2a - cos 20=oo3 2ai - cos 20= 2 sin (0 + ai) sin (0 - ai) 

. 

. 

_ |~ (?r + 0 + at) (it - 0 - at) J |~(7r + 0 - c i) (tt - 0 + g?) j 
_(x + 0)^ + a^ (x-0)a + aa 

Hence (1) gives 

cosh 2 a - 008 2 « = 2 (92 + a=) - g)» + ^ ( 2 ,r + gp + a °j 

r(2T - 9)2 + an 

[_--J„...ad inf..( 2 ). 

In ( 2 ) put a =0 and we have 

2 sin 2 9 = 292. M.inf.( 3 ). 

Dividing (2) by (3) we have 
cosh 2a-cos 20 

- 2 t * g [. [■ * [. * 

[‘'■(sit.)']. 

The factors of cosh 2a + cos 20 may now be obtained by changing 0 
into 0 + ^ and they are found to be 2cos2 0II |i + ^—VI ^j^ere r is 

any odd integer, positive or negative. \ff + rwj \ 
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EXAMPLES. XXT, 


Prove that 

1» ja 2^ 3^ ^ 3 +......ad inf. — 


t. 


2 . 


/ 


3. 


Ill a . ^ ^ ( 27 r )« 

f6+^+36 +.ad = 

rr2'''2n'’‘3T6‘^4";8"*'. a^inf.^ —. 


y 


^ 1 3 6 10 , . . ir» /. 

3^ ■'■ 6* ■’■ 7* 9^ -^ V * 12 ) • 


'^S. Prove that the sum of the products, taken two and two together, 

ir^ 

of the reciprocals of the squares of all odd numbers is . 

V 

6. Prove that the sum of the products, taken two and two together, 
of the reciprocals of the squares of all numbers is 


120 * 


Prove that 




7, oot^=-- 


2$ 


20 


$ IT* - ^ 2%a _ 0i 


_1 

^e'^'e-T 


J 


8- coBec^s=^- 


1 1 

1 


0^2r 


$ 0- 


0 + Tr'^ 0-2w'^ 0-^2r 0~Sw ^ + 3ir 
(-!)• 


6 + 27r 
1 


+ ad inf 


1 n—® 




and hence that 


1 + ^ oosec 0 1 


[ 


2 ^ 0^ e^- 2 * t 3 

Use the relation cosec ^ ^ I tan ^ + cot 


■“ ••«••• ad inf. 


=\ 1 + I) •] 


1^1 3 6 

' > 3V2-402'*'527r*-4ff*'‘"" 

Ftlw tA« relation 2 «cc 0 =tan 4 * cot 


ad inf. 
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10. 4 seo’tf (^-20)3 (ir4- 2(?)-’ (Stt- 20)2 (37r + 20)2''' 

the process of Art, 129 to the result obtained in that article.] 

11. cosec2 + + (Th^P (0^^ 

Prove that 


K • 


12. 

61 U a \ a/ \ TT-aJ \ 


w + a 




_ 0 _ 
27r + a 


/ 0 \ ^ , 

=II (1 - J » ^here t is any positive or negative integer or zero. 

sin(a+e) „A. e \ . 

10. ——=II f l + ___j , where r is any positive or negative 
integer, including zero. 

cosa + x-2o j V^‘*'37r + 2a/ (, 3x-2aj 


=nr 


1 20 n 

1 + 27477 ^J » ^ is integer positive or negative. 


15. 


cos (a - 0) 


cos a 


=n[i- 


20 

2a + rx 


or negative. 

co8 0 + cosa 

lo. —- 

1 + cos a 


J, where r is any odd integer, positive 




, , . 

where r is any odd integer positive or negative. 

[Multiply together the resulU of Exs, 14 and 15 and then change 20 
and 2a into 0 and a.] 


3 


I ii_ 

^ I (2x-a)2)- {4x + a)2 

(o + rx)2j’ 

where r is any even positive or negative integer, including zero. 
Hence deduce the factors of cosh * - cos a. 


I. 
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Bin a 
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[Exs. XXI.] 


1 + 


19. 2cosh^ + 2coso 


27r 




_ 4 cos= 2 [l + („ + [^ + (a - ,?)»]■•••“ 


$ 

2ir + a 


2“L • (a + r7r)^J’ 

where r is any odd integer positive or negative. 

20. Prove that 


r 1 

Binhnu=nBinhu II 1 + 




sin® 


2n 


and deduce the expreesion for sinh u in the form of an infinite product of 
quadratic factors in u. 

[Start with the reeulty when 0 is zero, of Ex, 1, Art. 121. In this 
result put 4> equal to zero and divide.] 

21, Prove that the value of the infinite product 

. 

is - flinh T, 

T 

22. A semicircle is divided into m equal parts and a concentric and 
similarly situated semicircle is divided into n equal parts. Every point 
of section of one semicircle is joined to every point of section of the 
other. Find the arithmetic mean of the squares of the joining lines and 
prove that when m and n are indefinitely increased the result is 

j. 6* - , where a and b are the radii of the semicircles. 


23. Tt® radii of an infinite series of concentric ciyolep are | 1 1 — 

From a point at a distance c (>a) from their common centre a tangent 
is drawn to each circle. Prove that 

sin d, sin 0^ sin d..= a / “ “» 

where dj, dj, d,. are the angles that the tangents subtend at the 

common centre. 


4 
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24. An infinite straight line is divided by an infinite number of points 
into portions eaoli of length a. If any point P bo taken so that y is its 
distance from the straight line and x is its distance measured along the 
straight line from one of the points of division, prove that the sum of the 
squares of the reciprocals of the distances of the point P from all tho 
points of division is 

2jry 


sinh 


a 


ay , "Iiry 
*' cosh —- - cos 


27ra; 


[Use the result of Ex. 7.] 

25. If c.denote all the prime numbers 2, 3, 5. prove that 


and 




* 


26. Prove that 


II 1 - -5^ I 

m-l L - C*J 


y/c^ + 


sin {it 

sin VC 




} 





y 

I ' .'1 




I*- 


ir... A 


Cc 


-- 4- 


li -y 


^ — 


, -fci, (/I T-'>) 


L. T. U, 


11 






CHAPTER X. 


PRINCIPLE OF PROPORTIONAL PARTS. 


131. In the present chapter we shall consider the 
Principle of Proportional Parts, the truth of which we 
assumed in Chapter XI., Part I, 

We then assumed that if n be any number and n + 1 
the next number, whose logarithms were given in our 
tables, and if h be any fraction, then, to 7 places of 
decimals, it is true that 

log (n + A) — log , 

log(n+ 1)— logn 

The truth of this statement we shall now consider. 


12 , 


132. Common Logarithms. We have, by Art. 
logio (n + h)- log,, n = log,,log, ( 1 + , 

n \ Ti/ 


where yu. = *43429448... 

Hence, by Art. 8, we have 

log,, (n + h)- Iog„n = .( 1 ). 
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1G3 


Now in seven-figure logarithm tables n contains o rligil s, 
i.e. n is not less than 10000. Hence, if h be less than unity, 

we have^ ^ less than 

2 a- 




i.e. less than 


21714724.,, 

10 « 


i.e. < ■0000000021..., 


h* . 


Also ^ — is less than one-ten thousandth part of this. 

S n® ^ 

Hence in (1) the omission of all the terms on the right- 
hand side after the first will make no difference at least as 
far as the seventh place of decimals. To seven places we 
therefore have 

•og,» {n + h)- logic n = ^. 


So logic (n + 1) - logicn = . 

n 

Hence, by division, 

log io(y? 4- A)-logion _ - 
logic (n+ l)-log,on 

The principle assumed is therefore always true for the 
logarithms of numbers as given in seven-figure tables. 

133. We may enquire what is the smallest number in the tables to 
which we can safely apply the principle of proportional parts. We must 

find that value of n which makes ~ so that A*. 

The greatest value of h being unity, we then have 

n»>^.107, 2171472-4....^ 

n>1473. 

The nnmber 1473 is therefore the required least number. 


11—2 
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134. Natural Sines. Suppose we have a table 
calculated for successive differences of angles, such that 
the number of radians in these successive differences is h, 

[In the case of our ordinary tables h = number of 
radians in 1' 

= *000290888.,., i.e. h < *0003.] 

Also let k be less than h. Then our principle was that 

sin (0 -\-k) — sin 6 _k 
sin (^ + ^) — sin ^ h* 

We shall examine this assumption. 

We have 


sin (6 -^k) — sin 0 = sin 0 cos k + cos ^ sin A: — sin 6 

• zi r, ^ 1 ^ 1 • /, 

== sin 6^ — — J + cos 6 I^A: — -j^ + *.. J — sin ^ 

(Arts, 32 and 33) 

. k^ 

= k cos ^ — Tq sin 0 — tk cos 0 

\z l£ 

The ratio of the third term to the first A;* and this 

D 

is always less than g (*0003)*, i.e, always less than *00000002. 

The third and higher terms may therefore be safely neg¬ 
lected, and we have 




sin (^ + it) “ sin ^ = A; cos ^ sin ^ 

If 


( 1 ). 


The numerical ratio of the second term to the first 
term 


= - A: tan 0 


(2). 
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This ratio is small, except when 0 is nearly equal to ^ • 

Hence, except when the angle is nearly a right angle, the 
second term in (1) may be neglected, and we have 


So 


and hence 


sin {S k) — sin 6 = k cos 0. 

sin (6 + li) — sin 0 = h cos 6, 

sin {6 -\-k) — sin 0 _k 
sin (0 + h) — sin 8 h . 


(3), 


that 


When 0 is very nearly a right angle we cannot 


say 


sin (^ + A:) — sin ^ = A; cos 8, 


and hence in this case the relation (3) does not hold and 
the difference in the sine is not proportional to the 
difference in the angle. In this case then the differences 
are irregular. At the same time the differences are 


• TT 

insensible ; for, when 8 is nearly — , k cos 8 is very small 


In fact k cos 8 has nothing but ciphers as far as the 
seventh place of decimals, so long as ^ is within a few 
minutes of a right angle. Also 



sin 8 is always < 


(0003)^ 

2 


i.e. < '00000005... 


Hence when the angle is nearly a right angle a com¬ 
paratively small change in the sine will con’espond to a 
comparatively large change in the angle; also at the same 
time these changes are irregular. 


135. PTatural Cosines. Since the cosine of an angle 
is equal to the sine of its complement this case reduces to 
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that of the sine. The principle is therefore true except 
when the angle is nearly zero, in which case the differences 
are insensible and irregular. 

136. Natural Tang'ents. With the same notation 
as before we have 


tan 0 -f- tan k 


tan A? sec® ^ 


tan (g + fc) - tan 6 = " - tan 0 = ^^ ^ , 

l-tanc/tanAr 1 — tan^tanA; 

= tan k sec*^(1 + tan ^ tan A: + tan"* 0 tan’ k...) 

= sec’61 A+^ + ...J j^l+tan^^A;+^+...) 

+ tan’6l(^-’^-.,.)J (Art. 34) 


= k sec’ 0 + A;’ 


sin 6 
cos’ 6 


+ A;’sec’^ + tan’+. (1). 


The third and higher terms may be omitted as before, 
except when 6 is nearly a right angle, 

sin 6 


Unless the quantity large we shall then 


have 


tan {0-\-k) — tan 6~k sec’ 6 


( 2 ), 


and the rule is approximately trua 


TT 


When ^ is>— the second term of the equation (1) is 

> 2A;*, so that taking the greatest value of k, viz. about 
'0003, this would give a significant figure in the seventh 
place. The principle is therefore not true for angles 

TT 

greater than , when the differences of the tabulated 
angles are 
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137. Natural Cotangents. As in the last article it 
can be shewn that the principle must not be relied upon 
for angles between 0 and 45°. 


138. Natural Secant. We have sec {0 k) — sec 9 


cos 6 cos k — sin 6 sin k cos 0 


5 = sec 0 


-1 


1 — A: tan 0 ~ ^ 


= sec 6 tan ^ ^ . J 

= k sec 0 tan 6 sec ^ + tan^ +. (1). 

The ratio of the second to the first term 


^k 


~ + tan’* 9 
tan 9 




cot 9 + tan 9 



This is small except when 9 is nearly zero or Hence, 

except in these two cases, we have 

sec {9 + k)~- sec 9 — k tan 9 sec 9 
and the rule is proved. 

When 9 is small the term k sec.^ tan 9 is very small, 
so that the differences are insensible besides being 
irregular. 

When 9 is nearly ^ this term is gr^t, so that the 
differences are not insensible. 
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139. Natural Cosecant. Just as in the case of the 
secant it may be shewn that the differences are insensible 
and in-egular when 6 is nearly 90", and irregular when 0 
IS nearly zero. Otherwise the principle holds. 

140. Tabular Logarithmic Sine. We ha^e 
Xjo sin {0 k) ~ Zio sin 6 = logn, 

sin 6 

= log.o [cos ^ + cot ^ sin/:] = logio j^l+/fccot0- 

(Arts. 32 and 33) 

= cot 0 cot= £> +... j (Arts. 8 and 12) 

ixJc^ 

= fxk cot 6 —^ cosec® 6 .... 

The numerical ratio of the second term to the first 

1 k 

2 'sin^cos^ sin 2^' 

This is small except when 6 is near zero or a right angle. 
Hence, with the exception of these two cases, we have 

L sin {6 -\-k)~ L sin 6 = ^ cot 6 x 

so that the rule holds in general. 

If 6 be small the term fjJc cot 6 is large, so that the 
differences are large as well as irregular. We cannot 
therefore apply the principle to small angles in the case 
of tables constructed with difference of 1'. 

Even if the .tables were constructed for differences of 
10 " we are not sure of being free from error in the 7 th 
place of decimals unless ^ be > 5". 
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If 6 be nearly - the terms fjJc cot 6 and ^ cosec- 0 ar e 

both small, so that if the angle be nearly a right angle the 
differences are insensible as well as irregular. 


141. Tabular Iiogarithmic Cosine. The rule 
holds approximately, since the cosine is the complement 
of the sine, except when the angle is small, in which case 
the differences are insensible as well as irregular, and 
except when the angle is nearly a right angle, in which 
case the differences are large. 


142. Tabular liOgarithmic Tangent. Here 
L tan (0 + yfc) - Z tan 0 = log,. - 


tan 0 

1 k cot 0 


_1 + cot^tanA: ^ 

* tan 6 |_1 - k tan 6 

= logic [(1 + * cot 0) (1 + A; tan 6 + k- tan’ 6> + ...)] 

k k^ 


= log,. 1^1 H 

r & 

^ [_sin d cos 6 


+ 


sin 6 cos 6 cos 

. A. 1 


a 


k 


cos^ 0 2 sin* 6 cos* 0 


+ 


_ 2aL^ . 

sin ^cos ^ ^ sin* 2^'^*"** 


(Arts. 8 and 12) 


The numerical ratio of the second term to the first 

= k cot 2.0, This is small except when 0 is near zero or a 
right angle. 

Hence, with the exception of these two cases, we have 

Z tan (0 + A:) - Z tan 61 = . k. 

Sin 20 

so that the principle is in general true. 
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In each of the exceptional cases ^is not small, so 

sm 

that the ditferences are then irregular but not insensible 
The same statements are true for the tabular loga¬ 
rithmic cotangent. 

J.43. Tabular Xiogarithmic Secant and Cose¬ 
cant. We have 

L sec (^ + A;) — Z sec 0 — L cos ^ — X cos {6 + k) 

and L cosec {6 -\-k) — L cosec ^ = Z sin ^ — Z sin -h k). 

Hence the results for the Z sin and Z cos are also true 
for the Z cosec and Z sec. 


CHAPTER XL 

ERRORS OF OBSERVATION. 

144. We have up to the present assumed that it is 
possible to observe any angles perfectly accurately. In 
practice this is by no means the case. Our observations 
are liable to two classes of errors, one due to the instru¬ 
ments themselves, which are hardly ever in perfect adjust¬ 
ment, and the other class due to mistakes on the part of 
the observer, 

145. An error in any of our observations ^vill clearly, 
in general, cause an error in the value of any quantity 
calculated from that observation. For example, if in Art. 
192, Part I., there be a small error in the value of a, there 
will be a consequent error in the value of x which, as 
we see from the result of that article, depends on a. 

146. The importance of an error in a length depends, 
in general, upon its ratio to that length. For example in 
measuring a piece of wood, about six feet long, a mistake 
of one inch would be a very serious error; in measuring a 
mile racecourse a mistake of one inch would be not worth 
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considering; whilst in measuring the distance from the 
Earth to the Moon an error of one inch would be abso¬ 
lutely inappreciable. 


147. We shall assume that the errors we have to 
consider are so email that their squares (when measured 
in radians if they be angles) may be neglected and we 
shall give some examples of finding the errors in derived 
quantities. 

We shall assume that our tables and calculations are 
correct, so that we have not to deal with mistakes in 
calculation but only with errors in the original observa¬ 
tion. 


148. Ex, 1. MP {Fig, Art, 42, Part I.) is a vertical pole ,* at a 
point 0 distant a from iu foot its angular elevation is found to he $ and 
its height then calculated; if there he an error 6 in the ohservation of 
find the consequent error in the height. 

The caloulated height h=a tan clearly. 

If the error $ be in excess, the real elevation is $ — 6 , and hence the 
real height h'^a tan {9 - S), 

Hence the error h-h'=a tan 0^a tan {$ - 5) 

Bind 

if we neglect squares and higher powers of d. 

The ratio of the error to the caloolated height 


dsec* d-^tan $=-7 


25 


sin 2 $* 

Except when sin 2$ is small this ratio is small since 5 is small. It is 


least when sin 29 is greatest, i.e. when d is - 7 . 

4 

The ratio is large when 9 is near zero and when it is near ^. 

Hence a small mistake in the angle makes a relatively large mistake 
in the calculated result when the angle subtended is very small or when 

it is very nearly ^. 
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When $ is small, both the calculated height and the absolute error, 
viz. atan^ and asec^^.S, are small, but the latter is great compared 
with the former. 

When $ is nearly 90^, both these qnantities are great. 


Bx. a. The height of a tower U found as in Art. 192, Part I.; if 
there he an error $ in excess in the angle a, find the corresponding correc¬ 
tion to be made in the height. 

The real value of a is a-henoe the real value of the height is 
found by substituting o —^ for a in the obtained answer, and therefore 


^ ^ sin (g ~ B) sin /3 _ sin a cos — cos a sin ^ 

8in(^-a+^) ”^^^°^Bin (/S-a)cos0 + OO8()3-a) sin $ 

_asinasin/3 l-9oota 
“ Tin (^ - a) * i+^cot{^-a) 

a sin a sin B 

= Bin(/9- a) +.] 


a sin a sin /3 
Bin(^-a) 


[1 - ^{oot (/9- o) + cot a}] 


asin a sin ^ ^ a sin* ^ 
sin (^ - a) " Bi^ (,3 - o)' 


The error in the calculated height is therefore $. 
one of excess. 

Also the ratio of the error to the calculated height 


a 8in*/3 
Tn2 (^ - o) 


, and is 


6 sin § 

^ a sin - a) ’ 


Bx. a. The angles of a triangle are calculaUd from the sides a = 2, 
6 = 3, and c = 4, but it is found that the side c is overestimated by a small 
quantity 3; find the consequent errors in the angles. 

From the given values of the sides we easily have 


OosA = g, 


T> 11 

C08B=ig, 


008 C= --7, 

4 




_ 4^/15 

jg --and 8inC=.^. 
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Corresponding to the value 4-3, let the values of the angles be ^ 0 , 
and " 


Then cos {A - = 


32 + (4-5)a-22 21-83 /. 5\-i 

2 (4-3). 3 “ 24 


O-s) • 


i.€. 

cos^ + sin^ .dj=i[21-85] + = ^ 

[-¥•]. 

i.e. 

7 2V15 7 11. 

8"^ 16 >~8 'J6'** 

[Arts. 32 and 33] 

BO that 

3 . 

^ 180 . 

. (1). 

Also 

/7> (4-3)H2a-3* 11-85/, 

oob(B 2 - 16 

-0". 

i.e. 

“ + sinB.<»,= /g[ll-8a][l + g_^[u 

-¥']■ 


t.e. 


16 64^’ 


eo that 




( 2 ). 


Also 


cos {C-0^ 


- gx^2^ + 3«-(4 - ^ -3 + 


83 


2.2.3 


12 


t.e. 


1 4^16 ^ 1 23 

4'*' 16 4"^ 3 * 


so that 


«.-T5-a- 


The errors in the angles are therefore 

-1V16^ -2V16. , 32^16, 


BO that the smallest angle has the least error. 

We note, as might have been assnmed a priori^ that the sum of the 
errors in the three angles is zero. This is necessarily so, since the sum 
of the angles of any triangle is always two right angles. 
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EXAMPLES. XXn. 


1. The height of a hill is fonnd by measuring the angles of elevation 
a and § of the top and bottom of a tower of height b on the top of the 
hill. Prove that the error in the height h caused by an error $ in the 
measurement of the angle a is ^. cos ^ see a coseo (a - /3) times the cal¬ 
culated height of the hill. 

2. At a distance of 100 feet from the foot of a tower the elevation of 
Its top is found to be 30°; find the greatest and least errors in its 
calculated height due to errors of 1' and 6 inches in the elevation and 
distance respectively. 

3. In the example of Art.-196 (Part I.) find llie errors in the calculated 
values of the flagstaff and tower due to an error 5 in the observed value of a. 

If a=1000 feet, a = 30°, ^ = 15°, and there be an error of 1' in the 
value of a, calculate the numerical value of these errors. 


4. AB is a vertical pole, and CD a horizontal line which when 
produced passes through B the foot of the pole. The tangents of the 
angles of elevation at C and D of the top of the polo are found to be 

I and I respectively. Find the height of the pole haring given that 

CD = 35 feet. 

Prove that an error of 1' in the determination of the elevation at D 
will cause an error of approximately 1 inch in the calculated height of 
the pole. 


5. The elevation of the summit of a tower is observed to be o at a 
station A and /9 at a station B, which is at a distance c from A in the direct 
horizontal line from the foot of the tower, and its height is thus found to 

be —feet. 

Bin (a - /3) 

If AB be measured not directly from the tower but horizontally and 

in a direction inclined at a small angle $ to the direct line shew tliat, to 

correct the height of the tower to the second order of small quantities, the 

... c cos a sin’s . 

quantity - - • ^must be subtracted, 

cos ^ sin (a ~ 2 

6. A, B, and C are three given points on a straight line; D is 
another point whose distance from B is found by observing that the 
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[Exs. XXII.] 


angles ADB and CDB are equal and of an observed magnitude d; prove 
that the error in the calculated length of DB consequent on a small 
error 5 in the observed magnitude of 6 , is 

2a6 (0 + 6)2 sin d ^ 

(o* + 6* - 2a6 cos 2^)1 

approximately, where AB=a and BG=b, 


7. In measuring the three sides of a triangle small errors * and y 
are made in two of them, a and 6; prove that the error in the angle G 

will be-|cot^ -^cotB, and find the errors in the other angles. 

8. In a triangle ABG we have given that approximately 0=36 feet, 

6=60 feet, and C=tan“'^ find what error in the given value of a will 

cause an error in the calculated value of e equal to that caused by an 
error of 5" in the measurement of C. 

9. A triangle is solved from the parts (7=15°, and 6=2; 

prove that an error of 10^' in the value of C would cause an error of about 
13’66" in the calculated value of B, 


10. Two sides 6 and c and the included angle .d of a given triangle 
are supposed to be known; if there be a small error $ in the value of the 
angle A^ prove that 

(1) the consequent error in the calculated value of £ is 

- $ sin B cos G cosec A radians, 

(2) the consequent error in the calculated value of a is c sin B, 

and (3) the consequent error in the calculated area of the triangle is 

$ cot A times that area. 


11. There are errors in the sides a, 6, and c of a triangle equal to 
«, y, and z respectively; prove that the consequent error in the calculated 
value of the circum'radius is 

~ cot A cot B cot C [x eeo A-i-y BGO B + z sec C]. 


12. The area of a triangle is found by measuring the lengths of the 
sides and the limit of error possible, either in excess or defect, in 
measuring any length is n times that length, where n is small. Prove that 
in the case of the triangle whose sides are measured as 110; 81, and 
59 yards, the limit to the error in the deduced area of the triangle is 
about 3*1433n times that area. 
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13. The three sides of a triangle are measured and found to bo 
nearly equal. If the measurements can be wrong one per cent, in excess 
or defect, prove that the greatest error that can arise in calculating ouo 
of the angles is 80' nearly. 


14. It is observed that the elevation of the summit of a mountain at 
each corner of a plane horizontal equilateial triangle is a; prove that the 
height of the mountain is 


1 


a tana, 


where a is the side of the triangle. If there be a small error n" in the 
elevation at C, shew that the true height is 



. r, sin n" “1 

atano 1+-—- . 

L 3 sin a cos a_ 


The Student, who is acquainted with the Differential Calculus, will 
see that the results of some of the examples in this chapter may be more 
easily obtained by simple differentiation. 

Thus, in Ex. 2 of p. 173, the height x of the tower 

g sin g sin 
~ sin 03 - a) 

If ^ be constant, and a vary, then, by differentiation, 

^ — n a (/3 - a) + sin a cos (/3 - a) 

da sin^ (/3 - aj 

, asin®^ 

. . —rt in -\ 

sm^ 03 - a) 

giving the small change Bx in x due to a small change 5a in a. 

Again, in Ex. 7 of p. 176, we have 

Hence, c being constant, we have, on differentiation, 

- sin + 2 hbh) . ah - + ^ 

b . 2ac cos D. 5a + o . 26c cos A . 66 


* xn t ccosR 
•. 5C — — 6a . —-—:—— - 56 . 

a6 Bin C 


2a262 

c cos A 5a „ 56 

-r-t—:==-.cot B - — . cot A. 

ah sin C a 6 


L. T. II. 
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CHAPTER Xn. 


MISCELLANEOUS PROPOSITTONa 

Solution of a Cubic Equation, 

149. The standard form of a cubic equation is 

?/* + 3ay^ + 3Z>3/H-c = 0. 

Put y — x^a^ and this equation becomes 

a^ — Z{a^~h)x-\- (2a* — 3a6 + c) = 0, 

i,e. it becomes of the form 

a^—^px + q^O .( 1 ). 

Hence any cubic equation can be reduced to the form 
(1), which has no term containing a^, 

150. To solve the equation — Zpx -f- gr = 0. 

Put ^ = -, and we have 
n 

2^ — Zpn^zqn* — 0 .. ( 2 ). 

Now, by Art. 107, we always have 

cos 30 = 4 cos* 0 — 3 cos 0, 

3 1 

cos* 0 — T COS 0 — T cos 30 = 0 

4 4 


so that 


( 3 ) 
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Now (2) and (3) are the same equation if 

3 1 

^ = cos^, = and cos 3^ = 5 / 1 * 


Hence 


and therefore 


cos 


»=( 4 )‘ 

■ - ( 4 )' 


(4). 


The equation (4) can always be solved (by means of 
the tables if necessary) if 


p be positive, and 4^ 


i,e. if 


4j[) 

ga < 4 j9». 


[The student who is acquainted with the Theory of Equations will 
notice that is the case which cannot be solved by Cardan’s Method. It 
is the case when the roots of the original cubic are all real. ] 

If 6 be the smallest angle satisfying equation (4), then 


the values 


- 27r , ^ 47r 

0 + -^ apd ^ 


also satisfy it, so that the roots of the equation 

— ^px + g = 0 


are 


icos^, icosf^ + ^V and -co 8 f^+-.^V 
n n \ 3 J n \ S J 


i. €. 2 Vp cos €, 2 *Jp cos j, and 2 Vp cos ^0 + 


[See also Ex. 81, Page 203.] 


151. 


Solve the equation 

ar* + 6x* + 9x + 3 = 0. 

Put x=y — and the equation becomes 

y3-3j/+l=0. 


12—2 
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Put yt fl-nd the equation ia 

3n22 + 7i*=0...(1). 

3 1 

Now cos* ^ - eoa ^ j cos 3^=0.(2). 

Equations (1) and (2) are the same if 

#=costf, n*= 7 , and -7oos30=n*, 

4 4 

• •# 1 

i.c. if n=2. 

and 00B3tf= -i=co 0 l 2 O®.(3). 

The roots of (3) are clearly 

40°, 40°+120° and 40°+240°, 
so that *=008 40°, or cos 160°, or cos 280°. 

A y = 2co8 40°, or 2 cos 160°, or 2 cos 280°. 

A a:=y-2= -2 + 2cob40°, or -2-2oos20°, or ~2 + 2co880°. 
On referring to the tables we then have the values of x» 


EXAMPLES. 


XXTTT 


Solve the equations 

1. 2x»-3x-l=0. 2. x» + 3x*-l=0. 3. x9-24r-32=0. 

4. ic»-6x» + 6x + 8 = 0. 5. x>-21x + 7 = 0. 

6. aH>+4ar> + 2ir-l=0. 7. x»-7«+6=0. 


Maximum and Minimum Values. 

162. In Art. 133, Part I., we have given one example 
of the maximum value of a trigonometrical expression. 

We add another example. 

If X aiid y he two positive arigles whose sum is a constant 
angle a(:^»-7r), find when einxsiny is a maximum, and 
extend the theorem to more than two angles. 
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We have 2 sin x sin y = 2 sin x sin (a — x) 

= cos (a — 2x) — cos a. 

Hence 2 sin a; sin y is gi’eatest when cos (a — 2ar) is 
greatest, i.e. when a= 2x, and therefore 

a 

^=!/ = 2 - 

The product is therefore greatest when the angles x 
and y are equal. 

Let there be three angles a?, y, and z whose sum is 
equal to a constant angle yS (:}> tt). If, in the product 

sin X sin y sin z, 

any two of the angles x and y be unequal, we can, by the 
preceding part of the article, increase the product by 
substituting for both x and y half their sum without 
increasing or diminishing the sum of the angles. 

Hence so long as the angles Xy y, and z are unequal, 
we can increase the given product by thus making the 
angles approach to equality. 

The maximum value will therefore be obtained when 
the angles x, y, and z are equal. 

This argument can clearly be applied whatever be the 
number of the angles Xy y, z,,,. 

163. We can now shew that the maximum tmangle 
that can he inscribed in a given circle is equilateral. 

For, if It be the radius of the circle, we have (as in 
Ex, XXXVI. 10, Part I.) the area of the triangle 

= sin A sin B sin (7, 

where A + B + G = 27r, a constant angle. By the preced¬ 
ing article it follows that the triangle is greatest when 

A=^B^G. 
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164. Ex, Find the minimum positive value of the 

quantity tan xcot x. 

Let a* tan x + h* cot x=^y, 

so that tan^ x — y . tan a: -h 6^ = 0. 

Solving this quadratic equation, we have 

tor, a.. = y±Jf- . 

2 a* 

Since tan x is real the quantity under the radical sign 
must be positive, so that y* must be > 4a*6*. 

Hence the least value of y is 2a6, and the corresponding 

value of tan a: is -. 

a 


EXAMPLES. XXIV. 


1 . If x+ 3 / be a given angle, less than n-, prove that 

( 1 ) sinx + siny, and ( 2 ) coax cos 3 / 
both have their greatest values when x=y. 

2. If x + y be a given angle, < ? , prove that both cos x+oos ^ and 

£ 

cos*x + co 8 *y have their greatest values when x=y. 

Find the greatest, or least, values of 


3. 


5. 


2 cos 6 


JZ ' 20080 ' 
cosec* 0 -cot 0 


4 . a sec 0 - & tan 0. 


6. a* sin* 0 + b* cosec* 0. 


cosec* 0 + cot 0 

7, a* sec* 0 + h* cosec* 0. 

If x+y be equal to a given angle 2o, which is less than w, find the 
minimum value of ^ 

8. tan X + tan y. 


9, sec x +secy. 

We can easily prove that 

[ 


seox + eeo i/=cos o 


+ 


cos (a — x) - sin a cos (a — x) + sin 


-1 

in aj 
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10. If ir + y = a. where a is , find when tan x tan y is a inaxiuiurn. 


j|we have 1 - tan x tan y = — ~ 


2 cos a 


+ cos (a - 2 j*) 


•1 


11, Provo that the maximum triangle having a given perimeter is 
equilateral. 

j^The area of a triangle can bo proved to equal s- tan ^ tau - tan - 


12. If Xt y, £... be angles whose sum is equal to a given angle, and if 

each of the angles be positive and less than a right angle, prove that the 
product cos z cosy cos 2 .is greatest when the angles are equal. 

13. If ABC be a triangle, prove that the quantities sin A + sin B + sin C 
and sin A sin I? sin C have their greatest values when tho triangle is 
equilateral. 

14. Provo that the area of the pedal triangle of an acute-angled 
triangle is never greater than one quarter of the area of the latter. 


15. If ABC be a triangle, prove that the least value of 

3 

OOB 2A + cos 2B + cos 2C is - - . 

Provo also that cos A + cos 5 +cos C is always >1 and not greater 

3 

than -. 


16. If ABC be a triangle, prove that the quantities 

cot A + cot B +cote and cot^A+ cot^Bcot^U 
both have their least value when the triangle is equilateral. 


On the g^eometrical representation of complex 
quantities. 

'*155. In Chap. IV,, Part L, we pointed out that if a 
distance in any direction (say, horizontally towards the 
right) be represented by a, then — a represents the same 
distance drawn in an opposite direction, i.e. horizontally 
towards the left. 
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The effect of prefixing - to a is therefore (Fig. 
Art. 48, Part I.) to rotate 0-4 in the positive direction 
through two right angles. The operation -1 performed 
on a therefore means turning a through two right angles. 

156. Now V— T X V— 1 = — 1; hence whatever mean¬ 
ing we give to the operation it must be such that 
performing that operation ttuice shall be the same thing as 
performing the operation — 1. 

Let us therefore assign to the operation the 

turning any length through one right angle in the 

positive direction. Performing the operation V— 1 on a 
twice will therefore, as it should do, turn a through two 
right angles. 

Hence, with this interpretation, V—1 a means a line 
drawn at right angles to the line denoted by a. 


% 157. We can now shew what is denoted by 

a; -f V— 1 y. 

Draw OX and OY two lines at right angles. Measure 
along OX a distance OM equal to x and 
then draw MP parallel to 0 F and equal 

to y, so that MP represents V— 1 y. 

Then P is the point that represents the 

quantity x + V— 1 y, or, again, we may 
say that OP is the line representing this quantity. 

We have OP = V OM^ -h MP^ = q- y*, 

^ MOP = tan-^ ^ = tan-* ^. 

OM (c 



and 
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Hence the length of OP represents the modulus aiul 
MOP the principal value of the Amplitude of 
(Art. 18.) 

V 0 ' 

* Addition of two complex quantities. 

Let OP represent the complex quantity x + iy and 
OQ represent u + iv, so that 

ON=-x,NP = y, OM=^u, 

and MQ ~ v. 

Complete the parallelogram 
OPRQ, and draw RL perpendicu¬ 
lar to OX and PS perpendicular to RL. 

Since PR is equal and parallel to OQ, we have 

AZ = = OM, and SR = MQ. 

Hence OL = ON NL = a: + w, 

and LR = LS-\-SR=y -\-v. 

Therefore OR represents the complex quantity 

(c-\-u + i{y -\-v\ 





BO that the sum of two complex quantities is repre¬ 
sented by the diagonal of the parallelogram whose two 
adjacent sides represent the two given complex quantities. 


^ * 


Let 

^ x-\-iy^r ( cos ^ -I- i sin 

as in Art. 18. 

Then 

(cos a + i sin a) {x -f- iy) = r (cos a -f- 1 sin a) (cos 9 -{-i sin 0) 

= r [cos (a -h ^) + i sin (a + ^)].(1). 

Now r [cos 6 i sin 

means, with our interpretation, a line of length r drawn at 
an angle 6 with OX. 
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Also r [cos (a + ^) + i sin (a + 0)] 
means a line of the same length r drawn at an angle a + ^ 

with OX (Ai’t. 167). 

Hence, by ( 1 ), the effect of multiplying x + iy by 
cos a H- i sin a is to turn through an angle a the line that 
represents x + ly. 

160. Geometrical meaning of De Moivre's Theorem. 
The quantity 

(cos a+i sin a) (cos y3+i sin /3) (cos y + i sin 7 )(cos 6 +1 sin B) 

means the line represented by cos 6 + ismS turned first 
through an angle y, then through and finally through 
a, i.e. altogether turned through a + yS + 7 . 

But this total operation gives the same line as 

[cos (a -f ^ + 7 ) +1 sin (a + + 7 )] [cos S + i sin S]. 

Similarly for any number of factors. 

Hence De Moivre^s Theorem expresses algebraically 
the geometrical fact that to turn a line through a number 
of angles successively has the same effect as turning the 
line through an angle equal to the sum of the anglea 


The three cube roots of unity are easily found to be 

A . • • rt 27r . . 2ir 

oosO+ismO, cos- 5 - + t8m —, 

O 9 


and 

so that we have 


47r 


4ir 


COS Y + tsiny, 


(cos 0 + 1 sin 0) (COS 0+1 sin 0) (cos 0 +1 sin 0) = 1, 


/ 2flr . . 2ir\ / 
(^coB-g-+. sm - j 


27r . . 2ir 

009 —+t8in^ 


\ / 2 x . , 27r\ 

j(^cos- + tsm~j = 


= 1 , 


and 


/ 4ir . . 4^-^ / 47r . 4ir'\ / 47r . 47r\ - 

[cos - + . Bin -3 j ^COB - +. sm -3- j (^cos - + , Bin - j = 1. 
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The first of these eqaations states that turning a line three times in 
succession through a zero angle gives the original line. 

The second states that turning it three times in succession througli 

an angle - 3 -, (t.«. altogether through 2 t) gives the original line. 

The third states that turning it three times in succession through an 

4t 

angle - 5 -, (i,«. altogether through 4») gives the original line. 

These statements are all clearly true. 

161 . Multiplication of two complex quantities. 

If aa-i-ty = r (cos ^ 4- ^ sin ^), 

and u + tv = p (cos ^ +1 sin (f>), 

we have 

(u + tv) (a + ty) == rp [cos (^ 4 <^) 4 i siti (^ 4 

The effect of multiplying a complex quantity 
by another u-\-iv is therefore to turn the line repre¬ 
senting a: 4 ty through an angle 



and to alter its length in the ratio 

1 ; p, i.e. 1 : Vw*"4^. 

Hence the multiplying of one complex quantity by 
another is represented by “ a turning and a stretching.” 
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MISCELLANEOITS EXAMPLES, XXV. 


1, Prove that the equation tan x=:kx has an infinite number of real 
roots. 

2, Ji Af B and C be the angles of a triangle, prove that 

1-8 cos A cos B cos C 

is always positive. 

3, If a and ^ be the imaginary cube roots of unity prove that 


, Q fix 

ae =-e 2l^sm^- + 


cos 




]■ 


4. If X be less than a radian prove that x=2a/ ?—^ ^ vcrv 

V 6 + COB « 

nearly, the error in the left-hand member being nearly radians. 

5. If cos {^ + t0) = seo (a + t/3), where a, /S, 0, and <p are all real, prove 


that 

6. If 

prove that 


tanh^0 cosh’/3=8in^a and tanh*/S cosh*0=sin^^, 
'/=2 cosacosh/S and y = 2sina sinh/3, 


see (a + i^) + sec (o - i^) » 


and 


sec 


(a + i^) - sec (a -1/3) 


7. Prove that 

sin" ^ cos ntf+ n8in"~' -^cos (n-1) ^ sin {$ - «p) 

+ ” ~o sin"~^ ^ cos {n-2)0 sin* (^ - 0) -h.+ sin" (0 - 

1 * 2 


= sin" d cos 710. 


3, Prove that the roots of the equation 
*" sin 710 - 7w:"~* sin {n0 + 0) + j, - - sin {n0 + 20) 

X • ^ 


—...... to (ti + I) term3= 


are given by 


x =sin + 0 - ft cosee 


where 7t is an integer and ft has any integral value from 0 to n —1. 
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9 . Prove that the som to infinity of the series 

. ^ 1 sin^ 0 1.3 sin® 6 

Bintf+ jr - — -T ~ —1-. 

2 o 2*4 5 


is if be acute, and, generally, is nir + (- 1 )’* where n is so chosen 
that nir + (- 1 )" lies between - ^ and + ^ . 

A u 


10. If the arc of a circle of radius unity be divided into n equal arcs, 
and right-angled isosceles triangles be described on the chords of these arcs 
as hypothenuses and have their vertices outwards, prove that when n is 
indefinitely increased the limit of the product of the distances of the 

a 

vertices from the centre is c*, where a is the angle subtended by the arc 
at the centre. 


11. The sides of a regular polygon of n sides, which is inscribed in a 

circle, meet the tangent at any point P of the circle in A, B, C, D . 

Prove that the product PA . PB . PC. PD .= a" tan nd or a\ according 

as n is odd or even, where a is the radius of the circle and 6 is the 
angle which the line joining P to an angular point subtends at the 
circumference. 

12 . A regular polygon of n sides is inscribed in a circle and from any 
point in the circumference chords are drawn to the angular points; if 
these chords be denoted by Cj, c„ ... beginning with the chord drawn 
to the nearest angular point and taking the rest in order, prove that the 
quantity 

Cj Cj + C 3 C 3 +... + C,j_j c„ — 

is independent of the position of the point from which the chords are 
drawn. 


13. A series of radii divide the circumference of a circle into 2n equal 
parts; prove that the product of the perpendiculars let fall from any 
point of the circumference upon n successive radii is 

where r is the radius of the circle and $ is the angle between one of the 
extreme of these radii and the radius to the given point. 

14. If a regular polygon of n sides be inscribed in a circle, and I be 
the length of the chord joining any fixed point on the circle to one of the 
angular points of the polygon, prove that 

12 m 
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15. ABCD... ie a regular polygon of n sides which is inscribed in a 
circle, whose radius is a and whose centre is 0; prove that the product of 
the distances of its angular points from a straight line at right angles to 
OA and at a distance &(>a) from the centre is 



16, Prove that there is one, and only one, solution of the equation 
^=co8^ and that it is less than 

4 


IB 


17. Prove that the general value of 0 which satisfies the equation 
(cos 0 + i sin 0) (cos 20 + i sin 20) .to n factors=1 

4mir 


n(n+l) 


, where m is any integer. 


18. Prove that 




= 2{l + 2n + + .ad inf. 


19. Prove that 


1 +1 + I + I + • • = I C'* + (-2 "')] • 


20. Shew that 


.10 


X* x’ X- 


ad inf. 


1 , 1 

= 3^-8‘ H 


COS 


/o • 


) 


21, Shew that the sum of the series 


1 1 -|.„87r* 

r=1 - 1)‘ (3’- + 1)‘J “ 729 " 


22. Prove that 


27r 4ir 6ir , 14ir IBtt 

COB j^ + CO 8 ^ + C08 py+... + COS - 5 -=- +COS 


17 


17 


1 

2 * 


2ir iv 14ir . IBw 

see + sec +... + sec +Bec — =8. 


and 
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27r 

23. if a =s PH" I prove that the values of 


21 


and 


are respectively 


cos a + COB 5a + COS 17a 
cos 11a + cos 13a + cos 19a 

^ and . 


24. Prove that 

tan a + tan + tan 


(• 4 ') 


+ tan 


(a + ^)+tan(a + ®^) = 


5 tan 5a 


25. Shew that the equation whose roots are tan , where r is any 

±0 

number including unity less than and prime to 15, is 

a:® - 92;c« + 134x* - 28x> +1 = 0. 


26. From the sum of the series 


sin2^-^flm4^+isin6^-... ad inf., 
A o 


or otherwise, shew that 

IT 


V2 , 1 1 1 1 1 ^ , 

4-=^ + 3-6-7 + 9 + n--'‘^ “f' 


4 

27. Assuming equation (4) of Art. 53, shew that 

^ - a a . 2 ^ 2.4 sin* $ 

+ _ + . 


28. Prove that 

-L Binh z 1 j 1 1 I 

29. Prove that the general value of Binh~^x is 

ifc,+(_ i)t log [x + -i/T+X*], 

where k is any integer. 

30. The side BC of a square ABCD is produced indefinitely, and 
along it are measured CCj, C^C^, C^Cg,... each equal to BC. 

If ^ 1 , 0^t ^g,... be the angles BACj, BAC^, BAG^y .. prove that 

• sin sin sin dg... adlnf. = 2 
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31. If pi, p 2 , . pn be the distances of the vertices of a regular 

polygon of n sides from any point P in its plane, prove that 

11 ^ ^ 

P 2 *^ . Pn^ cos nd + ’ 

♦ 

where a is the radius of the circumcircle of the polygon, r is the distance 
of P from its centre 0 and 6 is the angle that OP makes with the radius 
to any angular point of the polygon. 

32. If ^ + 0 + ^ = 27r, prove that 

cos 2 0 + cos^ 0 + cos 2 ^ - 2 cos d cos tp cos ^= 1 . 

Hence deduce the relation between the lengths of the six straight 
lines joining four points which are in one plane. 

33. Shew that the general value of log (-1) is (2n +1) tti, and point 
out the fallacy in the following: 

logc ( -1) = i {-1)^ = i logo 1=0; 

/. -I = e0 = l. 


n=oo 

34. Prove that the series X a-" sinh (/i +1) a is convergent if x is 

«=0 

numerically less than e-a, a being assumed to be positive, and that the 

n-<*> 

sum is sinha/(l- 2 xcosha + x'*^); but that the series 2 x™siu(n + l)a is 

n = 0 

convergent provided that x is numerically less than unity, the sum 
being sin o/{l- 2 xcosa + x 2 ). 

36* Assuming the formula for sin d in factors, prove that 


(1 + x) 1 


-i)( 





1 - 


X 



1 + 


= 

vd) 


irx • ’TX 
cos +Vd Sin 


iiy V ■ 13; 6 ‘ — 6 * 

where the signs alternate in the factors and the denominators are the odd 
integers not divisible by 3 in ascending order. 

,111 , 7r\/3 

1 ^ ““ T^O • to CO - 


Shew that 


70 113 54 

36. A point is taken in the plane of a regular polygon of n sides at 
a distance c from the centre and on the line joining the centre to a vertex, 
and the radius of the inscribed circle is r. Shew that the product of the 
distances of the point from the sides of the polygon is 


c" ^fn _ 


cos- 1 - cos 


0 ’‘ 


if or, 


and is 


^^cosh'^ cosh * . if CO*. 
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ADDITIONAL MISCELLANEOUS EXAMPLES. 

^ 1 , If (ai + ^it) ••• (^n + ^n^) = ^ + -^** prove tliat 


bi , __j ^ . . B 


tan-i —+ tan 

<l\ ^2 

[Use De Moivre's Theorem."] 

2, When x is small, shew that 

logBinx=logx-^ - 


+ ... + tau“^ —=tnu-^ —. 

A 


a 


n 




180' 


3, Shew that 

sinh {/3 - 7 ) + sinh (7 - a) + sinh (a - /9) 


=4 sinh sinli 


sinh 


a-^ 


i 


4. Prove that the circular measure of an angle 6 is equal to the sum 
of a constant and one of the two series 

tan -1 tau3 ^ i tan® 5 , 

-cot cot^ cot® + ..., 

O u 

distinguishing the cases. 

Give the constants for the angles 49° and 200°. 

5. Sum the series 

1 “ — + -TT-r:r +... to infinity. 


11 i± 11 


6 , Prove that 


I I 1 ar + 1 
COth“* iE = ^ log - —I. 


Expand coth~^ jr in a series of powers of x, 

7. Shew that 

111 1 


2 cos a - 2 cos a - 2 cos a - ... - 2 cos a +p 

_ sinua + p sin (n-l)o 
sin (n + 1 ) a+p sin «a * 
there being n quotients on the left-hand side. 

[U«e the method of Induction.] 

L. T. IL 


13 
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8 . Shew that the geometric mean of the cosines of n acute angles is 
never greater than the cosine of the arithmetic mean of the angles. 


9. Find all the cube roots of 88+16 ^ - 1 having given that, when 


tan 6— 2, then tan = 


10. Find the limit to which 


8in * _ ^ - sin * 


- 2 tan X 


tan x-x 


tends as x tends towards zero. 


11. Prove that 
(i) 2 tan 


-if 

LV a + b 


-b x~\ , b + cos X 

— _ • 

i 
r 


. tan TT |=cos , , 

+ 6 2 1 a + b cos x 


Jb + a+ Jb~a tan^r , , 

.... , 2 , .b + acosa? 

(ii) log =COBh~*-;- 

' a + b cos * 


ijb + a- hjb-'a tan ^ 


12. Find the sum of the series 

r— - Sin 2x - Sin 4x + ■=-= sin 6x - ... ad inf. 

X * O V • O d • I 

for all values of x between 0 and tt. 


13. Prove that the sum of n -1 terms of the series 

tan a tan 2a + tan 2a tan 3a + tan 3a tan 4a .. 
is equal to tan na cot a - n. 

Deduce the sum of the series 


1.2 + 2.3 + 3.4+... to(n-l) terms. 


14. Prove that 


V2 = 


4,36.100.196.324 . 
3.35.99.195.323.. 


and that 


^3 _ 8.80.224.440 
2 ~ 9.81.225.441 


\^U$e the result of Art. 123.] 
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15. A triangular piece of ground is surveyed and the sides measured 
as 200, 300, and 400 links respectively; but the measuriug chain has 
worn so that its real length is 2 % greater than its nominal lengtli. 
Find the error in the calculated area of the triangle in S(inajc feet, if 
100 links=66 feet, 

16. In any triangle, shew that the radius of the inscribed circle is 
never greater than half the radius of the circumscribed circle. 

lUse the Corollary of Art. 204, Part /.] 


17. If X =cos 0+ »J -1 sin prove that 
111 


ad inf. 


2x+ 2x+ 2x+ . 

= (cos 9 + cos* - cos 6 + s/ [(cos 9 - cos^ 9)^ - sin 9'\. 

18. Prove Snellius’ formula, that x differs from 


i- 


when X is small. 

19. Shew that 


3 sin 2.T , 4x® , 

a Wcos 2x) ‘’y 45 


tan~i logf. 

\ x-va) 2 ^x 


20. Sum to infinity the series 

7 19 


1.3.5'^5.7.9’'‘9.U.13 
the numerators being in arithmetical progression. 

I^Puf ^ = ^ in the revult of Art. 94.^ 

21. Sum to infinity the series 

cos 9 ^ cos 29 _ cos S9 

i* „ j *. • < 


31 


+ .. 


1.2 ' 2.3 


3.4 


22. Sum to n terms the series 

tan a +2 tan 2a+ 22 tan 2*a + .... 

23. Expand -;-- in a series of sines of multiples of 9. 

1 - sm a cos 9 ^ 


13—2 
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24. Sum the series 


AnA-B 


s- 

n=-» (n + a)(« + 6) (n + c)* 








{Break into partial fractions and use Page 158, Ex. 7.1 


^5. If cos^4*co80 + eosi/'=O, and sin^ +sin 0 +sin t/- 
hon cos 3^ + cos 30 + cos 30 - 3 cos (0 + 0 + 0) = 0, 

nd siu 3^ + sin 30 + sin 30 - 3 sin (^ + 0 + 0 ) =0. 


= 0. 


26. Shew that the angle whose sine is ^\/3 differs from the seventh 
part of two right angles by less than the thousandth part of a radian. 

27. Shew that the area of a segment of a circle of height A, 

2 fe 

bounded by a chord of length c, is - /ic, if powers of - above the first be 

O C 

neglected. 

28. Shew that the solutions of the equation sinhx = sinha are all 
included in the expression 

n7rt + (- l}"a- 


29. 


If X lies between 0 and 27r, prove that 
sin 2:c sin 3x sin 4x 


1.3 


+ 


2.4 


+ 


3.5 


4-.. ad inf. 


= i sin X [^1-4 log ^2 sin ^^ J . 


30. Given that tan (0 + 0) cos 2a = tan 0, 
prove that 

$ — tan* a sin 20 + ^ t&n* a sin 40 + - tan® a sin 60 + 

A O 


31, The area of a triangle is determined by measurements which 
give 5 = 125 feet, c = 160 feet, ^ = 57° 35'. Another set of measurements 
give 6i = 125‘5 feet, Cj = 161 feet, ^i = 57° 25'. Find the percentage 
difference between the second determination of the area and the first. 


32. Find the maximum value of 

sin (a - /3) + sin 05 - 7 ) + sin (7 - a). 

{Consider the maximum area of a triangle ABC inscribed in a circle of 
centre 0, where OA, OR, OC make angles a, /S, 7 with a fixed line,^ 



il 


I ■' 
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33. From the identity 


a 


+ 




+ /- 


(a- 6 )(a-c) ( 6 -a)( 6 -c) (c~a)(c- 6 ) 

deduce the identities 


= 1, 


S cos 3 (o + ^) sin 03 - 7 ) 

= 4 cos (30 + a + ^ + 7 ) sin 03 - 7 ) sin (7 - a) sin (a - j3), 
and 2 sin 3 (a + 0) sin 0 ^- 7 ) 

= 4 sin (30 +a 4-/3+ 7 ) sin (j3 - 7 ) sin (7 - a) sin (a - /3). 
[Tut a =€08 ( 2 a + 20 ) +tfii 7 i ( 2 a + 20 ) etc.} 


X 

2 


34. Prove that tan a;-24 tan ~ differs from 4 sin a:-15a; by a 


quantity of the seventh order at least. 

/ 

^ ^ 35. If a be the length of the chord of a circular arc, and b that of 
l^he chord of half the arc, prove that the length of the arc is 


86 - a 


approximately. 


If c be the length of the chord of one quarter of the arc, prove that 
a nearer approximation is 

a-406 +256c 
45 

If the arc be a quadrant, shew that these approximations give the value 
of TT correct to 2 and 5 places of decimals respectively, 

36. If logglog^(a; + ty)=:p + fg, then 

y = x tan {tanglog,\/^+y 2 j. 


37. Prove that 

. cos® 0 cos® 0 

COS0-rr:— + • 




li • 


- cos 30 cos 60 
COS 0-r-h - 


, cos® 0 ^ cos^ 0 

X • - t 


|3 






, COS 20 cos 40 
1 -^ + 


li li 


38. Find the sum of the series 

sin 0 860 30 + sin 30 seo 3*0 + sin 3*0 sec 3®0 +... to n terms. 
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39. Iq a triangle ABCy if shew that 

(i) B=^6iiiC + | ^'sin2C + | ^8in3C + ..., 


and 


.... a" . _ h . _ n (71+ 1)62 

(ii) — smnR=n-6mC + —^^^sin 2 C 


, n(7i + l)(n + 2) 6 * , . 

4" z ~ ^ -5Sin3C + . 
1.2.3 O'* 


40. The sides of a triangle are observed to be (7 = 2, 6=3, c=4, but 
it is known that there is a small error in the measurement of c ; find 
which angle can be found with the greatest accuracy. 


t ' 41. From the identity 

^2(•g-^)(a^-g) . 


(■■r-c)(x-fl) ^^{x-a){x-b) 


a2 — mz — zi j. *2 1/ + c^)Z 'in'- ' =x^ 

{a~h)(a-c} (6-c)(6-a) {c-a){c~b) ’ 

obtain the identities 

cos 2 (tf + a) 4 -y ^—— ■ —^l + two similar terms=cos4^, 

' sm (a - sin (a - 7 ) ’ 

and sin 2 (6 + a) — ^)sin ^— 7 ) similar terms=sin 49. 

' ' sin (o - )S) sm (a - 7 ) 


42. If tan (e-<p)=. 


<f) = 9~ 


e’sm^cos^ , , ,, ^ 

■z - ^ , and e be small, prove that 

~ sin 2^ - ^ (2 sin 2^ - sin 49) + .... 

A o 


43. If cos^^ sin ^ ^ = 8in 

shew that 9 has four sets of values given by 

>Q fn . -1 4n-l + - 871 -1 

±tf=(^2m+-j7r±ilog--, 

where m and n are any integers, positive or negative, and m may be 
also zero. 

What is the solution when n=0? 


44. Find the sum to n terms of the series 

tan 9 tan® ? + 2tan | tan® ^ + 2® tan ^ tan® ^ +.... 
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45, If cot 0 = - + cot expand 0 in a series proceeding by ascending 
powers of x, 

46. Shew that the sum to infinity of the series 

1.2 2.3 3.4 


\/ 


+ 


+ 


+ 


13 


84 • 54 ■ 74 

ir2(12-7r») 

384 

[Use Art. 127.] 

47. Evaluate the continued fraction 

2 2 2 


ootd- 


cot2tf- oot2'^-... - cot2’‘ ^d- tan2"^* 


48. Prove that in any plane triangle the value of 

tan B tan C + tan C tan A + tan A tan B 
cannot lie between 0 and 9. 

[Shew that the expres8ion=il + 8ec A sec B sec C and then apply the 
method of Art. 152.] 


49. 1^ cos z = 008 (. 2 + 0 ;) cos A + sin ( 2 + x) sin A cos where x and A 
are so small that powers higher than their cubes may be neglected, 
shew that 

Acos ft - 5 A-^cot z sin* ft+ - A® cos ft sin* ft. 

A O 

50. Prove that if i+itanfl 

(1 + itan 

can have real values, one of them is 

(seoa)""®’^. 

51. Sum to n terms the series 

cot 2a cot 3a cot 4a 


+ 


+ 


1 - cos* 2a sec* a 1 - cos* 3a sec* a 1 - cos* 4a bi c* a 


+ 


52. Prove that 

>y/l + cosec|= (l-e^')“i + {l 
and deduce an expansion of 




57 


, e 

1 + coseo 5 

A 


in cosines of multiples of 0» 
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53. Prove that 


(x+l)2n+(a._l)2n 

2 - ”, 
[I7se the first formula of Art. 120.] 

54. Find the sum of the series 




1,11 
12 22 23 .32 + 327P + 


ad inf. 


65. Shew that the area of the greatest triangle, whose base is h and 
the ratio of whose sides is r, is —-. 

56. Shew by a graph that the equation sin x = tanh x has an infinite 
number of real roots, and that the large positive roots occur in pairs one 
a httle less and the other a little greater than { 2 p +J) n, where p is a 
large positive integer. 


57. ^ Regular polygons of n sides are inscribed in and circumscribed 
to a circle. Shew that, if n be large, by taking the mean of the peri- 
meters we get a nearer approximation to tt than we should get by taking 
the mean of the areas by about 

58. A regular polygon of n sides is inscribed in a circle of radius a; 
prove that the sum of the reciprocals of the distances of the angular 
points of the polygon from a tangent to the circle is 

^ cosec* n$, 

where 26 is the angle which a radius drawn to the point of contact of the 

tangent makes with the radius drawn to one of the angular points of 
the polygon. 


59. 


IS 

where 

60 . 


Shew that the principal value of 

(a - 

cos 2 (pa + g log r) +1 sin 2 (pa + g log r), 

r:=\/a3 + 62, and a = tan~i-. 

a 

Sum to n terms the series 

,.6 6 

ooseo 6 + coseo ^+coseo 
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61. Sum to n terms the series 

1 _ 1_ ^ 1 

1 - tauh a tanh 2a 1 - tanh 2a tanh 4a tauh 3a tauh 6a ‘ * 

62. Shew that 

Bind 

63. Prove that 

e 2 + 1 



64. Prove that 


and deduce that 




l-i + —-2+ -Zif 

3 *^ 7 ^^-“ 32 * 


j^Jn r«uif 0 / Exs. XXI, No, 13 put a = ^. Then take logarithms 
and equate the coejjficienta of powers of 

65. Shew that 

COB’ ^ + COS'^ ^ + COS> ^ + OOB» ^ + 00B> ^ . 


66 . If X—sin - , shew that x is a root of the equation 

64x« - 96x^ + 36x2 -3 = 0, 
and write down the other roots of the equation. 

67. Shew that the roots of the equation 

3/*-J/®-6y* + 62 /» + 8y2_8y + l = 0 

are the values of 2 cos ^, where r has either of the values 2, 4, 8, 10, 

16 . 20 . 
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!'• 


. 1 


68. If * + ty = &{co8/3 + tsin/3)(cos^ + (9in5) 

+ c (cos 7 + (sin 7 ) (cos ^ -1 sin e\ 

where 6 , c, 7 are real constants and x, y, e real variables, shew that 
as 6 varies the point (a:, y) describes a conic section. 

69. If 0 = ^-2csin^ + ^Bin20-^8in3^, 

prove that 0 + 2 c sin 0 + ?|- sin 2 ^ + ^ (13 sin 3^-3 sin 0 ), 
where powers of e above the third are neglected. 

70. Prove that, if powers of 6 beyond the fifth be neglected, then 


y( 


71. If R, C, R be four consecutive vertices of a regular heptagon 
inscribed in a circle of radius unity, prove that 

AC-\^AD-AB=^1, 

72. Prove that 

Beca:=l + T- 


and 


sec* a; = 3 + 



61 x« 

1385x8 

11 ^ 

[6 + 


33x^ 

723x« 


^ li 

+ 1 6 

^ * • • • 


+ 


73. If « is odd, prove that 

I + *£ + ■■■ + = g (™ - 1) (»- 2). 

74. If n be even, prove that 

^i" («-1). 

75. If is an even integer, prove that 




76. Prove that 


r*n— 

r =0 


is equal to n* sec* na, or to 


sec* + 


J 


n 


n 

2 


1 — ( — 1)^ 008 na 
according as n is odd or even. 
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77 . By equating the coefficients of n* in equation (4) of Art. 62, 
prove that 

g(8m X) 2 ’ 3 Vl2'''3V 2.4 6 \P'*' 32"^ 6 V 2.4 .6 7 

78. Solve the equation sinh x == 3ir by a graphic solution, and thence 
obtain a nearer approximation by analytical methods. 

79. Solve the equation e*=3x by a graphic solution, and thence 
obtain nearer approximations to the answers by analytical methods. 

80. If tan|=tanh|. 

shew that cos x cosh x = 1 . 

By means of a graph and the Tables, shew that the smallest root of 
this equation is 4*730 approximately, and find roughly the values of the 
other roots. 


81. If two of the roots of the cubic x*-3par + q = 0 are imaginary, 
80 that q2>4p*, shew that (i) if p be negative, the roots are 

tj -Ap sinh IX, ^-p [ - sinh ix ± i cosh u], 


where 


sinh 3u = i -- 7 =; 
^ P ^-P 


and (u), if p be positive and q be negative, the roots are 

tjAp cosh u, mJp [ - cosh « ± i sinh u], 

where 


cosh 3u= - - —, 

2 p ^p 


.. ad Int 

** =a (oosa + t sin a), 


82. If X 

shew that the general value of x is r (cos ^ + i sin ^), 
where log r= sin , +log a cos g ^ 


a 


and 


( 2 n 7 r + a) cos a - log a sin a 

a 


e= 


83. Criticise the fallacy 
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84. If 


— (2n + l)-, 


a 


where n has any positive integral value, prove that the solutions of the 
equation tana;=a: are approximately 


/I 2an 

[a “ 'sj* 


85. Prove that 


1 1 
+ 


1.3 3.5 ' 5.7 7.9 


1 , _ TT — 2 

^9 • • • , — 


and 


1 1 
+ 


1 , _7r;^2-4 

3.5 7.9 ' 11.13 “15.17‘-8 


Fi^’or the second part^ in the expansion of log putx — iji—- _ \ ”1 

L- L ~~ X (^2 J 


Sum to n terms the series : 


86 . 


sin 3a 


+ 


sin 5a 


cos 2a cos 4a ' cos 4a cos Co cos 6a cos 8a 


sin 7a 




87. 


tan® 0 


1 


tan® 3^ 


tan® 3®^ 

1-3 tan- ^'31-3 tan® 3(? 3® 1 - 3 tan® 3®^ 


1 

A 


88 . 


l + 2cos2a . l + 2cos4a l + 2cos8o 


sin 4a 


+ 


sin 8a 


-h 


sin ICa 




89. 


90. 


2 cos I -f 2® cos ~ cos ~ + 2® cos | cos ^ cos ~ + ... 
2 cos 0 - cos 3^ ^2 cos 30 - cos 3®^ 


sin 3^ 


-f-2 


sin 3®^ 


— 4*... 


, 2cos3"-'^-cos3"^ 
sin 3^0 


3 sin X — sin 3x 3 sin 3a: - sin 3®a; _ 3 sin 3""^a: - sin 3^x 

y 1. - * ^ o.. 4" Alt 4”... "i" 


COS 3a; 


3 COS 3® a; 


3 «-i cos 3"a; 


sin a 

92. -^ 4- 


sin 3a 


4- 


sin oa 


cos 2a cos 2a cos 4a cos 4a oos 6a 


r. .... 


93. 


sin 0 


4- 


sin 30 


+ - 


sin 9^ 


oos 0 — cos 20 cos 30 — cos 60 cos 90 —cos 180 


4 ".... 


94 . 


sin 3a: 


4- - 


sin 6a; 


4- ^ 


sin 12x 


sin X sin® 2x sin 2a: sin® 4a: sin 4a; sin® 8x 
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95 . 5 tan 2 ^ tan*tan 2^5 tan 2 2 (?+ ... + Ian 2'‘0 tan-2''“* 0 + 


12 12 

96. tan-» ^ + tan-i IH9 + •• + SbV^5 ' 

97. tan-»^ + tan-» A +...+ tan-' 


98. tauh->a: + tanh-',— . .. + tanli-» -— 


99. 


1 - 1 . 

. , X sin B X 1 sin 26 

tan“i =-+ tan“* 


l-2.‘6x- 


l+iTCOS^ 


1 + x^ COS 2 $ 


. , a:^sin4^ ^ , .r^sinS^ 

+ tan-^ -r- + tan-*,-,--— + 


1 + x'* eos‘l<? 


1 +a;=» cod SB 


0 0 0 0 0 6 

100. cosh - + 2 cosh - cosh 7 + ... + 2"-* cosh - cosh - ... cosli . 

2 2 4 2 4 2" 

lAii eel e 0 1 o e 

101. g ooseo ^ oot g + ^, cosec ^ cot ^ + ^5 cosec cot ^3 +.... 

102. Sum to infinity the series whose rth term is 


— cos rtf tan^tf. 

ll 


103. Prove that 


tf-sin tf cos tf=2 sin tf sin^ ? + 22 sin ^ sin® ^ 

£ Z 


104. Shew that 


+ 23 sm -6111^-3 + 


. ad inf. 


, tf 

n-tc ^ 

2-1- 




cos 


tf 


sin 2tf tf 


2n-l 


105. Shew that 


j = tan-i I + tan-> | + tan-> 1 + tan- ^ 


9 ' 33 ‘ 129*^"’ *°^***^y' 


and that 


^ = tan-*-+tan-* ^ + tan-i ^ + tan-* ^^9 ■ “““ 16 


8 * -T 1 

+ tan * . 
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106. Shew that 


ft-1 \n^J 4 


107. Prove that 

cot“^2 + cot-*8 + cot-il8 + cot'' 32 + ... to qo 

108. Find the sum of the infinite series 

1^4 7 . 10 - 

^ + 11* +19*^ + -- 

109. Shew that 

X7 

«+ -y + J3 + 29 +-*-a3 inf. 


n 

4 


- ^ + f^ + a; + .r2) , ^3, _,xj^ 

-12 '°e ^ tan • . 


110, Find the sum of the series 


-111111 
7 9 15 17 


111. Prove that 


1 1 

+ ^r:—r-. + 


1*. 3-*. ' 5<. 7* 


^ j. 7r^ + 307r®-384 

+... to inf. = — 


768 


112. Prove that 

( 1 ) 


11 1 

»> 1" ^ m “J' 


and that 

( 2 ) 


1 + 42 ‘ 1 + 8 ® ^ 1 + 122 '^ 1 + 16®Jnf-- g coth 


2*-!'^ — mf._---coth|. 


[Use the result of Ex. 7, Page 158.] 

113. Prove that 

1 


and that 


l® + a ;2 32 + 352 ’^ 5 ® + a^ 
13 5 7 


3 5 j..’r,Tra? 

•> ^ ^ • &Q uir« — — 86Ch 


2 * 


1® + X® 32 + 35 ® 6® + 35® 7®+«® 


+... ad inf. 


w , srx . ttx 

2^2 ■=“* T T 

ir B 


for 0^ 


r TJse the relation in Ex. 9, Page 168, substituting r - ? t + 

L 4 2 4 


IT $ 
2 
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When n is even, prove that 


(1 + a:)"- (l~x)" 


r=--1 


2x 


Deduce that 


= n n (a: 

r-l \ 


2 + tan’* 


?)■ 


^ TT . 2ir . 3ir . fw - 1) tt , 
tan jT- Tf tan — ... tan —-- = 1. 

2n 2n 2n 2n 


Prove that 

(l + ar)»-(I-a:) 


2x 


= + tan* ^x* + tan* ... + tan* ^ 


where r=^ («-!)» and n is odd, 

116, Shew that the infinite product 

1 + la ^ 2* ^ ^ 32 


X ... 


1 + 


1.2 


1 + 


2.3 


1 + 


3.4 


is equal to sech ir ^3^ ainh ir. 


117. If a, denote the prime numbers 2, 3, 5 ...» prove that 

118. Two regular polygons of n sides Ai, ... A^, arc 

inscribed in the same circle of radius a. Prove that 

n (JrB,) = 2’*a"* sin” ^ , 

A 

where r and s have all values from 1 to n, and 6 is the angle bet\veen a 
pair of radii drawn one to a corner of each polygon. 

119. ABCD... is a regular polygon of n sides, inscribed in a circle 

of radius a and centre 0 ; shew that the sum of the angles that 
AP, PP, CP . make with OP is 

a" sin nB 


tan 


-1 


a” COB nd -r^* 

where OP=r and iAOP=B. 

[As in Art. 119 break x" - a* cot nO + la" sin nd into linear factors, and 
apply the theorem of Ex. 1^ Page 193.] 
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120. Along a tangent to a circle are measured from the point of 
contact B distances ... equal to the diameter of the circle 

and Cj, Cj ... are the middle points of these distances. From the 
other end of the diameter through R, lines are drawn to the points 

^ 1 . Cj... meeting the circle in 61 , 62 ... Ci.c^.... Shew that 

the product of the chords R 6 ,, Bb^ ... bears to the product of the chords 
Z>Ci, Rcj ... the ratio 

coth JT : 1. 


121. Shew that 

tan~^ (tanh y cot x) =. tan“* - - 2 tan-^--, 

X 1 n^TT^ — x‘^ + 

Two points, P and Q, at a distance 2d apart are at the same distance c 
from a straight line and are also equidistant from one of an infinite series 
of points uniformly distributed along the line at distances a apart. 
Shew the sum, of the angles that PQ subtends at the points is such that 



Trd ,, TTC 

— coth — . 
a a 


{Take sin {x+iy) in factors {Art, 122) and apply the theorem of Ex. 1, 
Page 193.] 


122. Prove that 


"n* Pi — ^ n — cosh TT - cos TT tJZ 

L cosh TT - cos TT * 

[In equation (2) of Art. 130 first put 2a=s7r and 2^ = 7r^3; next put 
2a = ir^2 and 2^ = 7r^2. Divide one result by the other.] 

123. Shew that the sum to infinity of the series 

tan“i n*+tan"' — + tan-i ^+... 

. , ,tana-tanho , nir 

18 tan“^ . - r —r— , where a = -rjr, 

tan a + tanh a »J2 

[Start with the result of Art. 122 and put d=zmr.J -i.] 

124. Prove that 

tan“i n* + tan“i + tan*i p + ... ad inf.=tan“* (tan 0 tanh 6), 


0 - 


rnr 


2 ^ 2 * 


where 
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125. Prove that 


tan-» (cot e coth 0 ) + tan"* j^cot + ) coth 


+ tan * j|cot ^ coth + ... to n terms 


*8 ta° ' (cot nd coth n 0 ), or tan-* (oot nd tanh n^), 

according as n is odd or even. 


[Use the result of Ex. 21, Page 146.] 


126. Find the sum of the infinite series 

tan-i i + tan-» i + tan'i i +... ad inf. 

[Start with equation (2) of Art. 130 and put 2a = 2e = irs/2 . i/i,] 

127. Prove that 

tan-ix-tan-i-x + tan-i^a:-... ad inf. = tan-i ^tanh 
^Pu( a=^ and 0 = '^ in Ex. 13 of Page 159. J 


128. If X be a positive fraction, and if tan“^ y mean the least positive 
angle whose tangent is y, prove that 




. . VX TTX v/3 

sinh — sec —^ 

4 4 


]■ 


129. If ABC be an acute-angled triangle, shew that 

sin A -f- sin B + sin C > cos A + cos B + cos C. 

130. The internal bisectors of the angles A, J5, C of a triangle meet 
the opposite sides at D, E, and F. Shew that the area of the triangle 
DEF cannot exceed one-fourth of the area of the triangle ABC. 


131. If ^ lie between 0 and ^, shew that as 0 increases from 0 to ^ 

the expression sin 0 — 0 sin p first continuallj increases and then con¬ 
tinually decreases. 


L. T. II. 


14 
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132. Prove that the determinant 


cos $, 1, 0, 0, 

1, 2cos0, 1, 0, 

0, 1, 2cos<?, 1, 




• • • 


0 

0 

0 


0 , 


• • • 


0 , 


• • • 




1, 2 cos e, 1 
0, 1, 2 cos 0 


of n rows and columns is equal to cosntf. 


133. 


IS 


Shew that the nth convergent to the continued fraction 

1 1 1 
2 tan a + 2 tan a + 2tano+ ’** 

(tan a + sec a)" - (tan a - sec a)** 


134. 


IS 


^ _ 

(tan o + sec a)«+^ - (tan a - sec ‘ 

Shew that the nth convergent to the continued fraction 

sec* a sec* a sec* a 

2-2 tan2 a - 2-2 tan‘*=a- 2-2 tan^ a - *" 

sin 2na 


135. Prove that 


COS" a sin (271 + 2) a * 


sec® a sec® a sec® a sec® a 


4- 1- 4- 1- 

to r quotients is equal to 


» • • 


sin ra 


2 sin (r + 1) a cos a* 


136. Shew that 


tan $ 


1 ^® ^® 


1- 3- 5- 


• •• • 


{In the following Examples it will be found convenient to use the 
Differential Calctiltis.'] 

137. Prove that 

cot ®0 + cot“ ^0 + ^^ +cot® + + ••• ” terms 

=cosec® n^ cot n<p-n cot n<p. 
[Differentiate twice the result of Ex. 6 of Page 73.] 
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138. two eqaal sides of an isosceles triangle are given in 
length; shew that when the radius of the inscribed circle is a maximum 
the angle between the equal sides is 76% to the nearest degree. 

139. Bum to n terms the series 

Beo* * + j eeci* - + -JJ sec^ - + ^ sec* ^3 +..., 


140. Sum the series 

. 1 cos 3^ 1.3 cos 56 ... 

^ + 2 -T' ¥71 -5- + 


141. 


Express 


^n-l 

x 2 » - 2a:" cos nd-^1 


as the sum of n partial fractions 


with denominators quadratic in x. 


142. Shew that 

C 08 « _ 1 1 I 1 1 

sin** ” x* ^ (x + t)® ^ (x - tt)* ^ (x + 27r)® ^ (x - 27r)3 ■*" "* 
\pifferentiaU the result of Ex. 11, Page 159.] 


143. ^ infinite straight line is divided by an infinite number of 
points into portions each of length a. Prove that the sum of the fourth 
powers of the reciprocals of the distances of a point 0 on the line from 
all the points of division is 


3a* 


( 


o . irb _ - ir5\ 

3 cosec*-2 coeec® — | , 

a a ) * 


where b is the distance of O from some one of the points of division. 
[Diferentiate twice the result of Ex. 11, Page 169.] 


144. Prove that 

1 _ IT ^2 sinh TTX mJ2 + sin irx 1 

n-i n* + X* 4x* * cosh irx »J2 - cos wx ,J2 2x* * 

[In (2) of Art. 130 put 2a=2^ = TX^2; then take logarithms, 

and differentiate with respect to x.] 



ANSWERS TO PART IL 


3. 

5. 

6 . 

7. 

8 . 

9. 

11 . 


23. 


8. log, 2. 


L (Pages 9—11.) 

9. log, 3 - log, 2. 

n. (Pages 24—26.) 


1. *y2 ^cos ^ + i sin . 

2 . J'i [cos (- x) + ^ (- t)] • 


, Stt . . Stt 
2 I cos + t Bin 

0 D 



4. 6 


1 


V2 + 1 

s/4 + 2^2 * s/4 + 2s/2 


:]• 


[■ 

s/4 + 2^2 [ 

(>*y8 - ^2) ^cos 

cos (100 + 12a) - i sin (100 + 12a). 
cos (a+y3—y — S) + i sin (a + ^ — y — 5). 

COS 1070-t sin 1070, 10. -1. 

sin (4a + 5yS) — i cos (4a + 5^). 


[h-n 


Stt . . 

12 


T2j‘ 


12. 2"+^sm 


6 - <!> 


COS n 


TT + 0 + <^ 


2 - 2 

TT StT . . StT 

COS •= + i sin : cos + t sm -=-• 

5 “ 5 5 •“ 5 


TT 


m. (Page 30.) 


1 1- -^±^3 

1. 1, rt • 


2 

r-TT . . rTT 
cos^+tsm^ 




3. ±( 

4. + », and + ^ 


rTT 

lo 


A +♦, 2 » 2 

% 

^, where r = 3, 7, or 11, 

. r7r\ 


where r = 1 or 3. 
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5. 


6 . 


7. 


9. 


± 15/2 ( 

^20i8 


cos ^ i sin , where r = 1, 9, or 17. 


TTT . . r^r 

cos + « sm -g 


J, where r = 6, 11, or 17. 


12 
rir 


8. ^2[ 

^4 [ 

10. + 2 and + 2i, 


r rTT . . rw 
cos TTT — i sm 


12 
TTT 


where r = 1 or 7, 


cos^ + tsm^ 


]• 

J, where r= 1, 13, or 25. 


nr 

cos r? +1 
15 


. . r7r“ 


where r = — 1, 5, 11, 17, or 23. 


[ TTT 4 4 TTT^ 

cos ± i sin -g- , where r — 2 or 4. 

12. -1024. 13. ± and + , 14. 1. 

16. + 1, ± », ± ^cos g + i sin 0 , and + ^cos ^ + i sin . 

The last four values. 


17. 

18. 



6 . 

7. 


- , rrr . . nr 

- 1 and cos ^ sm — 

7 - 7 


where r= 1, 3, or 5. 


TT 4 • ^ 

li cos^ + ismg, 


( TT . . 7r\ 

cos^ + rsin-j , 


, / Stt . . SttX 

and + (cos -^ +1 sin — J. 

2^2 cos -g-, where r = 1, 7, or 13. 

y 

IV. (Pages 36. 37.) 

5 tan 0—10 tan® 0 + tan® 0 
1 — 10 tan® 0 + 5 tan* 0 
7 tan 0 — 35 tan* 0 + 21 tan® 0 — tan^ 0 
1 - 21 tan® 0 + 35 tan* 0 - 7 tan® 0^ * 

9 tan 0-84 tan® 0+126 tan® 0 — 36 tan^ 0 + tan® 0 
1 — 36 tan® 0+126 tan* 0 — 84 tan® 0 + 9 tan® 0 


8. 



answers. 


m 


3*48'51". 


11 . 


12. i. 


V. (Pages 46—48.) 

7 i 8 ^ 

' 6* 

. 13. 0. 


9, I 10. 1. 


14. - 


15. -i 


1 

2* 


+ a6 + 6* 
ah 


19. 


- 00 . 


22 . Zr 


2 (w — n)* 

3 7n/a 


16. 

2. 17. - 

1 

A 4 

18. 

25 



6 

14 

20. 

„ TO* — m* 

" * • 

P 


ll- w 



23. 24. 


24. 

0. 


25. log^. 

29. 1. 

33. 0. 


26. e. 


30. 0. 


27. e*. 


31. 1. 


28. - 9. 
32. 


37 - • —- 

6 ^ 6 * 


VI. (Pages 52, 63.) 

8. a;" - 65a^ + 330a^ - 462»> + 165a; - 11 = 0. 

IX. (Page 73.) 

1 11 
2 ^ > 2 »*^ 1)* - cos n6\ (n even). 

1 11 

(“0 * (—1)® 2h:7j( 1—cosn^),(weven). 

3. n* cosec® n$^ (n odd); —n* cosec* , (n even). 


#• 

w*sec*nd - n, (n odd); n* -i- [I - (- 1)* cos 'oB] - n, (n even). 

-ncot(^ + 7iB^, 6. ncotn^. 


6. n cot nd» 


l»-l 


(- 1) * tan nd, (n odd); (— 1)*, (n even). 


TO* cot* + n6 


'^ + TO (n - 1). 


IV 
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n 

(— 1)® cos nB—l 


according as « is odd or evea 


17. 

18. 

19. 

20 . 
21 . 
22 . 

23. 


XI. (Pages 86—88.) 
cos a cosh fi — i sin a sinh /3. 
sin 2a - i sinh 2/? 
cosh 2p - cos 2a ' 

2 sin a cosh t cos a sinh p 
cosh 2p — cos 2a 
2 cos g cosh p + i sin a sinh p 
cos 2a + cosh 2p 
sinh a cos p + i cosh a sin p, 
sinh 2a + t sin 2p 
cosh 2a + cos 2p 
2 cosh a cos p — i sinh a sin p 
cosh 2a + cos 2p 


XII. (Page 92.) 

, w i I + 6in0 

± ^ j iog ^ , according as cos $ is positive or 

negative. 

2. sin-’ + i log [71 +sin0 - 7^^]. 


15. 


Xin. (Page 99.) 

9 log (w* + V*) + i tan“^ -, where 
" u 

1 , cosh 2y — cos 2x 

^ = 2 ^og - ^ -, and v 


= tan“‘ (cot X tanh y). 


XV. (Pages 112, 113.) 

1- 3. 2. 2. 3. 6. 4. -1. 

XVI. (Pages 117,118.) 

« 4 sin a 

5 — 4 cos a' 

2. 0, provided a does not equal a multiple of tt. 



V 


ANSWERS. 


10 . 


11 . 


__ ^ ^ sin a (cos a — sin a) 

1 - sin 2a + sin’a • 1 - sin 2a + sin* a ‘ 

8ina-csm(a-/3)-c»sin(a + yi/?)+c »^-»8m{a+fa-nfl> 

1 — 2c COS ^ + c® > 

sin a —c sin (a — 

1 — 2c cos ^ + c* * 

1 - c cosh a - c" cosh na + cosh (n- 1) a 

1 — 2c cosh a + 

c sinh a 

1 — 2c cosh a + c^ ’ 

cos a+ (— 1)"~^ {(n + 1) co s (n— 1) a + n cos na\ 

2 (1 + cos a) ~ ' 

sin a+ (2?t + 3) sin mi— {2n + 1) sin (n + 1) a 

2(1—cos a) 

0, if = 4771 or 47/1 + 3, and 1, if = 47/i + 1 or 47/1 + 2j 
0, if n = 4m or 47 w + 1, and - 1, if ti = 47n + 2 or 47 n + 3. 

(2 cos D” . sin (a + ^). 


12 . 


(2 §y •«“(“+¥)• 

(2 sin a) “ * sin ^ J * except when 


a = TlTT. 


13. 0, if n be odd; (— l)*8in**a, if n be even. 

14. ^2 sin ^ . sin , if ti be < 1. 

15. ;ycos ^ (1 + cos 0)y if ^ be between — ^ and + 


16 


• ( 


2 cosh 


uY 

V • 


. , » + 2 
smh —*— u. 


XVn. (Pages 121—123.) 

1. c^'^^^sin (a-f c sin/3). 2. e^^^^cos(a + csin^). 

3 g-COSa COS^ jjQg ^ gjQ 


5. 


6 . 

8 . 

9. 

10 . 
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sin a cos (cos )3) cosh (sin p) 

- cos a sin (cos yS) sinh (sin y3). 

sin (cos fi) cosh (sin fi) cos (a - y3) 

— cos (cos yS) sinh (sin fi) sin (a - yS). 

“ cosh (sinh a). 7. “ sinh (sinh a). 

cos {y sin (sin a)}, where ^ = 
gyoos(coa«) ^ where y = 


vj 


r 


cos 6 


{cos {0 + sin ^) + 4 cos (sin ^)J 


1 _ 


oosd 


{cos {B — sin 0) — 4 cos (sin 0)}. 


11 . 


12 . 


13. 


14 


C sin a 


. 1 ^ »<iULS nM 

^ r v c cos a ' c = 1 and a = (2n + 1 ) tt, 


1 ^ , 2c sin a 


Y _ ^ > except when c = 1 and a = mr, 
1 + 2c COS a f c^ 


4 ^ 1 — 2c COS a + c* ’ 
1 ^ , 2c COS a 


, c 1 1 1 + 2c sin a + c* 

41 - 2-oIiKirTc» • 


4 » “ j ) or 0 according as cos a is positive, negative, 

or zero. 

17. \ cos (a - P) tan- - 2 sin(a-y3) tanh- . 

f . a + P a — B\ ^ 

* 2 2 —2~ y* except when a±p is a 

multiple of 27r. 

^ log [(1+c) 4-71 + 2c cos 2a + c*]. 


TT 


18 


20 . t 


a 
2* 
1 


21, — - tan~^ (cos y3 cosech a), 


22 . g [2^3 log, (2 + V3) - ^]. 


ANSWEKS. 


vu 


XVIII. (Pages 125, 126.) 


1 . 

3, 

4. 


e 


cot - — cot 2” ^ $, 2. cosec $ {cot 6 — cot (n + 1) B], 

cosec 6 {tan (n+l)6- tan 
cosec <l> {tan (0 + n(j>) — tan 6}. 

1 


6 . - cosec a {tan (n + 1) a- tan a}. 


6 . 


7. 


9. 


1 ^ 1 

-S'™ = 2 i=i - 2 cot 20; i- 2 cot 20. 

1 ^ 

2 coth 20 - — coth . 8. tan 2^ ^ - tan 0. 

0 


tan 0 — tan ^ ; tan 
10 . sin 0 (cot 0 — cot 2^0). 


11 . 


12 . 


13. 


14. 


15. 


i sin 20 + ( - 1)»« gii sin 2»« 0. 

1 Bin 20 - sin 2«+‘ 0. 

1 0 / 2re + 1 . 

j cosec 2 (sec —-— 0 - sec 

<? - 1 


!)■ 


tan 2" a — 2 tan a. 


j |3 cos 0 + cos 3" . 


16. j |3” sin ^ - sin (9j . 

17. g [3" tan 3* ^ — tan O'j, 

18. i [cot 0 - 3" cot 3" 0]. 


19. 

20 . 


tan"^ {{n + 1) (n + 2)} — tan“^ 2. 

tan“^ (n + 1) — tau~^ 1, i.e, tan"^ ^ " . 

n+ Z 


21. Sn = tan“‘ 2” — tan“^ 1; *?«, = j . 
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Vlll 


22. jS, = sin ^ 1 — sin"* 


_ - _• .<? _ E 


1 . 

2 . 

3. 


XIX. (Pages 131, 132.) 

1 — a cos 0 + a=* cos 20-a*cos 30 + ... ad inf. 
co30 + acos (0+^) + a*cos (0+2(/>)+ ... ad inf. 
sin 0 + a sin (0 + ^) + sin (0 + 20) + ... ad inf. 

cose + a cos (e+ </,)+i^cos (0 + 2<f>) + cos (6 + 3<^) 


ad ini 


5. 


fJ02 r^/P 

tO sin 0 + sin 20 + sin 30 + ... ad inf., 


1 ! 


li 


where 


9. 


10 . 


r = + ^a* + 6’ and 0 = tan“*-. 

a 

ic cos a — i sin 2a - i £C* cos 3a + ^ sin 4a 

A o \ 

+ i a:® cos 5a - ... ad inf. 

0 

x + ^ — rv = — cos a sin x — ~ cos* a sin 2x — ^ cos* a sin 3a: 

^ o 


—... ad inf. 


12, (1) m=tan*^; (2) m = —tan*a. 


13. 


- log 2 — sin 20 + ^ cos 40 + i sin 60 - cos 80 

« 3 4 


— ^sin 100 + ... ad inf. 

0 


14. 2 


j^sin 0 — gsin 30 + gsin 60 — ... ad i^*J • 


15. 2 cos 0 tan 


V4 2j 2 


cos 20 tan* f y — ^ I + 

"T 2t 




+ 21ogcos(j-|), if 0c^<|. 


IX 


ANSWERS. 


1 . 

2 . 

3. 

where 

4. 

where 

5. 

where 

6 . 

7. 

8 . 
9 . 

where 


XX. (Pages 144—146.) 

+ 2a;cos (3r + 1) -g- + ij, where r = 0, 1, or 2, 

11 - 2a:cos (6r + 1) 22 ^J' where r = 0, 1, 2, or 3. 


n la:® - 2a: cos (6r + 1) — + 1 


]. 

r = 0, 1, 2, 3, or 4. 
n j^a:^ - 2a: cos (3r + 1)^ + 1J , 

r = 0, 1, 2, 3, 4, or 5, 
n j^a:* - 2a: cos (6r + 2) ^ + 1J , 

r = 0, 1, 2, 3, 4, 5, or 6. 

(a:-l)nj^a:®- 2a:cos ~ + ij, where r= 1 or 2. 
n j^a:® - 2a: cos (2r + 1) g + 1J, where r = 0, 1, or 2. 
(a: - 1) n l^a:® - 2a: cos + 1J , where r - 1, 2, or 3. 

(a:+1) n j^a:®-2a:cos (2r + l)g + 1J , 

r = 0, 1, 2, or 3. 


10 . 

11 . 

where 

12 . 

13. 


(a^~l)n 


- 2a; cos 

Ttt 

g +l_ 

j, where 

r= 1 , 

2, 3, or 4. 

(x+ i)n 

a:® — 

2x cos 

(2r+l) 





m 

r 

= 0, 1, 

... 5. 



(a:®-l)n 

[- 

■ 2x cos 

rTT “ 

T 

, where 

r=l, 

2f ...6. 

n l^a:® — 2x 

cos (2r+ 1) 

1" 

w ^ 

, where 

r = 0, 

1, 2, ...9. 


29. Take the logarithm of both sides of the expression of 
Art. 115 reading r instead of x ; differentiate with respect to r 
and then integrate with respect to 0, 
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2 . 

3. 


7. 


2 . 

3. 

5. 


6 . 


7. 


3. 

4. 

5. 

6 . 


XXn. (Pages 175. 177.) 
+ *32746... ft., and + *24989... ft. 


a cos 


S and 


a sin* 


8 ; 


cos* (a + 2)3) ’ cos* (a + 2/3) 

„d ° >5. fei 

54 54 

a-ycos(7 , y — xcoaC 

-:—=r— and -;—— radians. 

c sm B c sm A 


8 . - 


inches. 

4U 


1 . — 1, and 


XXTTT. (Page 180.) 

l±J3 


— 1 + 2 cos 40“, —1 + 2 cos 160®, and —1+2 cos 280®. 

- 4, and 2+ 2^3. 4. 4, and 1 + ^3. 

2^7 cos where ^ = 33® 37'52", 153® 37'52", and 

273® 37' 52". 

-1 + cos e, where 6 = 39® 5' 51", 159® 5' 51", and 

279® 5' 51". 

|-/^COS0, where ^ = 44® 50'49", 164® 50'49", and 

284® 50' 49". 


XXrV. (Page 182.) 

The expression cannot lie between 2 and — 2. 

The least value is Ja^ — 6*, provided that a>b. 

The greatest and least values are 3 and ^ respectively 

nj 

The least value is 2a6. 


7 . If a and b have the same signs, the least value is (a+ 6)*. 

8 . 2 tan a. 9. 2 sec a. 


XI 


ANSWERS. 


MISCELLANEOUS EXAMPLES. (Pages 193-211. 


) 


4 -■ rr 


5. 2- 


xsin X — cos X, 


ft 1 1 1 


9. 


12 . 


X 3x^ 5x^ 

-2~4i; l±2J3 + i(2 + ^3). 10. -2. 


TT 


^sinx, if 0 <x <-; 0, if x = ^; — ^ sin a, if ^ < aj < tt. 


15. 51M8 sq. ft. 


20 . 1 -^. 


21 . 


1 (1 — cos log ^2 sin —^-sin unless 0 be 


a multiple of 27r, when the sum is unity, 

22, cot a - 2" cot 2™ a. 

2 
sin 


23. 


24. 


^ l^tan ^ sin ^ + tan^ ^ sin 20 + ,.. J. 


31. -84.... 


32. 


3^3 


38, i [tan 3” 0 — tan 0]. 


40. 


44. tan 0 — 2" tan 


2 "* 


45. 


47. 


51. 


52. 


64. 


. sin 0 - isin 20 + isin 30—.. 


sin 0 
tan 0. 


2 sin^0 


3 sin*0 


cos 
2 sin 


^ r 1 _1_1 

in a Lsin a sin 2a sin (w + 1) a sin (n + 2)aJ 


1.1 /I 1-3 1.3.5 

1 + 2 cos 0 + 2 —j cos 20 + — ^ g cos 30 + .... 


--3 

3 


60. cot ^ - cot 0. 
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Xll 


61. 

79. 

86 . 

87. 


99. 


100 . 


101 . 


cosh (n +l ) a.sinh7?a ^ 

einh a 

1-5121 ; -6191. 80. 7*8; 110; M l .... 

^ cosec a [sec (2?i + 2) a — sec 2a]. 


8 V3«-i 


tan 3” 0 — 3 tan 6 


)■ 


88. sin 3a cosec a cosec 2a 



i 

- sin (3 

2" a) 

cosec 2" a cosec 2^^^ a. 

89. 

sm e [cot cot 2 ] . 



90. 

cot ^ — 2" cot 3" $• 

91. 


tan 3"a: — 3 tan ccj . 

92. 

sin® na cosec a sec 2na. 



93. 

ir ,0 3 ^ 6 ^ 

2 2 2 J 

• 

94. 

cosec® X — cosec® 2”a;. 

95. 

itan 2‘^6 — tan 9, 


96. 

-1 12n 

18n + 13- 

97. 

_ 4n 

tan~‘ iT-= . 

2n + 0 


93. 

tanb“* nx* 


^ cc sin ^ ^ . a^”sin2"0 

tan ^ .-^-tan“^-;;- 

I —X cos 6 - -t. _ 


1 — a^" cos 2^6 


i sinh 6 l^coth — coth £ 


a 


1 . ^ 1 
— ‘=osec'‘ ^ - 2 cosec^ ^ • 


2>.+i 

Sind 


102. e cos (sin 0 tan ^) — 1. 


TOQ ^ ^ ^ “I 

108. — 


[(2 - x) 


COS 


JSx 


,o . 

- ^3x sin . 


TT 


no. g(V2 + i). 


fci)| 


Xlll 


ANSWERS. 


126. 


, . sinh \ sin u + sin X sinh a tt 

tan”^ — - -- ^ _-wh 

cosh X cos fjL — cos X cosli fx 4 ’ 

A = TT ^2 cos g and /i = tt ^2 sin ^. 


139. 4 cosec^ 2x — y— cosec® 7 r~^ • 

140. i COS'* (2 sin 0 — 1); unless O — niTy when the sum is 
according as n is even or odd. 
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